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PREFACE 

TO THE FIRST PART. 



object of the present Treatise is to bring Spherical 
Trigonometry to the standard required for University 
Examinations, and demanded by the impulse given to 
mathematical subjects by modern text-books. 

Simplicity of treatment has been constantly kept in 
view. 

Part I. treats of the subject as far as the solution of 
Triangles, inclusive. In the text will be found all the 
Propositions usually contained in treatises on the subject, 
besides such other Theorems as appeared to us to be of 
special importance on account of their utility. 

The Volume is replete with examples (in many cases 
worked out), the arrangement of which has been the sub- 
ject of our special attention : our aim throughout being 
to place them in immediate connexion with the subject- 
matter of which they are illustrative. 

At the end of each Chapter, Miscellaneous Examples 
bearing on afl the preceding matter have been added. 
We have not- hesitated to use Determinant Notation 
whenever elegance or simplicity could be gained thereby. 
This notation has now become so generally known as to 
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render apology for its use early in the work quite un- 
necessary. 

The Numerical Solution of Triangles, treated of in 
Chapters IV. and V., has received much attention, each 
Case being treated of in detail. In connexion with these 
Numerical Examples, we must acknowledge our obliga- 
tions to Mr. EGBERT BAILB, M.A., Athlone, who carefully 
worked and verified them all. They have also been in- 
dependently verified and tested, and we therefore trust 
they will all be found correct to the nearest half second. 

Q-eometrical proofs of many Propositions have been 
added to those commonly given in text-books, e. g. the 
Analogies of Napier and Delambre. 

Most of the examples have been taken from University 
and Science and Art Examination Papers. Many, how- 
ever, as far as we are aware, appear now for the first 
time. A series of examples has been appended in the 
form of Examination Papers. 

Among published works on the subject, we are in- 
debted chiefly to those of Todhunter, Snowball, and 
Luby. 

WM. J M'OLELLAND 

THOMAS PEESTON. 
May. 1885. 
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SECOND EDITION OF PART I. 

TN the preparation of this volume the Authors have 
very closely adhered to the text of the First Edition. 
A. few Propositions of fundamental importance, which 
previously appeared amongst the Examples, are given 
more prominence by being placed in the text ; and some 
articles have been re-written and amended. The Ex- 
amples are retained, with few alterations, and the Answers 
to them have been carefully revised. 

June, 1887. 
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CHAPTER I. 

THE SPHERE. 

1. A Sphere is a figure such that all points of its 
surface are equally distant from a certain point within 
it, called the Centre. 

Any straight line drawn from the centre of a sphere 
to the surface is called a Radius, and any straight line 
drawn through the centre and terminated both ways 
by the surface is called a Diameter. 

A sphere may be generated by the revolution of a 
semicircle round its diameter. 

2. Great and Small Circles. Let a sphere be gene- 

A 




rated by the revolution of the semicircle ACB (fig. 1) 

B 



2 The Sphere. 

round its diameter AB. Let C be any point on the semi- 
circle, and let CD be a perpendicular from on AB. 

It is obvious that as ACB revolves round AB, the 
point C describes a circle round D as centre ; and also that 
0, the middle point of AB, being equally distant from all 
points on ACB, is the centre of the sphere. 

When the plane of the circle CC' described by C passes 
through it divides the sphere into two equal parts, and 
the curve of section is called a Great Circle. 

When its plane does not pass through the centre it is 
called a Small Circle. 

Example. 

The Meridians and Equator are great circles. The Parallels of Latitude 
are small circles. 

Spherical Radius. The angular distance AC is 
called the Spherical or Angular Radius of the circle CC'. 
It is obvious that the spherical radius of a great circle 
is a quadrant. 

3. Unique Properties of the Great Circle. 

(1). Only one Great Circle can be drawn through two 
given points on the surface of a sphere; for its plane 
must also pass through the centre ; and three points not 
in the same right line are sufficient to determine a plane 
completely. 

If the two given points be diametrically opposite, the 
right line joining them passes through the centre of the 
sphere, and an infinite number of great circles can be 
drawn through them as, for example, the meridians on 
the surface of the Earth. 
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(2). The shortest distance that can be traced on the 
surface of a sphere between two points on it is the arc 
of the great circle passing through them. 

For of all the circular arcs which can be drawn through 
two given points A and B [fig. 1 (#)], obviously that arc 
which has the least curvature is the shortest, since it lies 
inside the others, and most nearly approaches the right 
line joining A and B. Thus the shortest arc is that which 




Fig. i (a). 

belongs to the circle of greatest radius ; but the circle of 
greatest radius which can be drawn on a sphere is the 
great circle. Therefore, of all the arcs which can be 
drawn between two points on the surface of a sphere, 
the great circle arc is the shortest.* 

4. Axes and roles.- The line AB (fig. 1) is called 
the Axis of the circle CC f (described by any point C of the 

* The following method of looking at this question is also instructive : 
If a string be stretched between two points on the surface of a sphere (or 
on any surface) it will evidently be the shortest distance that can be traced 
on the surface between the points, since by pulling the ends of the string its 
length, between the points, will be shortened as much as the surface will 
permit. Now any part of the string being acted on by two terminal ten- 
sions, and by the reaction of the surface, which is everywhere normal to it, 
must lie in a plane containing the normal to the surface. Hence, the plane 
of the string contains the normals to the surface at all points of its length ; 
i.*. the string lies in the form of a great circle. 
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semicircle ACB during its revolution round AB), and the 
extremities A and B of its axis are called its Poles. The 
nearer point A is generally particularized as the Pole of 
the Circle. Any point, and the great circle of which it 
is the pole, are termed pole and polar, with respect to 
one another. It is obvious, from the manner in which 
CO' was generated, that AB is perpendicular to the 
plane of CC', for CD remained perpendicular to AB 
during its entire revolution. 

Hence the Axis of a circle may be defined as the diameter 
of the sphere perpendicular to the plane of the circle, or the 
line joining the centre of the sphere to the pole of the circle. 

Cor. The pole of a circle is equidistant from all points 
on the circumference of the circle. 

For AC 2 = AI? + CD 2 = constant. 

In the case of a great circle, D becomes the centre of 
the sphere, and hence the poles of a great circle are equi- 
distant from its circumference. 

5. Primary and Secondary Circles. Any circle is 
called a Primary in relation to those great circles which cut 
it at right angles. These latter are called Secondaries; e.g. 
parallels of latitude are primaries, and the meridians are 
secondaries to them. 

In fig. 1, regarding the circle CC' as a primary, the 
circle ACB during its revolution round AB is in all posi- 
tions a secondary to CC'. Hence it follows that 

(1). The plane of any secondary contains the axis of the 
primary. 
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(2). All the secondaries pass through the poles of the 
primary. 

(3). The planes of all the secondaries have a common 
line of intersection, viz. the axis of the primary. 

(4). If there can be drawn common secondaries to two 
circles, the planes of those circles are parallel. For, by 
(3), the two circles have the same axis. 

The distance of any point on the surface of a sphere 
from a circle traced thereon is measured by the arc of the 
secondary intercepted between the point and the circle. 

Example. 

The latitude of a place is measured by the arc of the meridian intercepted 
between the place arid the Equator. 

6. Tlie Angle between Two Planes is measured by 
the angle between any two lines drawn, one in each plane, 
perpendicular to their line of intersection. 

The angle between any two circles, great or small, is 
measured by the angle between the tangents drawn to 
them at their point of intersection. 

The Angle between Two Great Circles is equal 
to 

(1). The angle betiveen their planes. 

For the tangents to them at their point of intersection 
lie in their respective planes and are perpendicular to their 
common diameter. 

(2). The arc intercepted ly them on the great circle to ivhich 
they are secondaries. 
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For if be the centre of a sphere, and AC and BC 
(fig. 2) secondaries to AB, they are perpendicular to ^47?, 
and are each quadrants; therefore OA and OB are per- 

C 




Fig. 2. 

pendieulars to OC\ hence the angle between OA and OB, 
or the arc AJS, is the angle between the planes of AC 
and BC. 

(3). The angular distance between their poles. 

For the angular distance between the poles of two circles 
is the same as the angle between their axes ; but the axes 
are perpendicular to the planes of the circles, and the angle 
between the perpendiculars to two planes is equal to the 
angle between the planes. 

Hence, by drawing a great circle parallel to a small 
circle, we see that the angle between the planes of a great 
and a small circle, or the angle between the planes of two 
small circles, is equal to the angular distance between the 
poles of the circles. 

7. To compare the length of the arc of a small circle sub- 
tending any angle at its centre with the arc of a great circle 
subtending an equal angle at the centre of the sphere. 
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Let ab (fig. 2) be an arc of a small circle subtending any 
angle at its centre D, and let AB be an arc of a great circle 
subtending an equal angle at its centre 0, then if the cir- 
cles be placed parallel, so that they may have a common 
pole at 0, will be the centre of the sphere, AC and BC 
will be quadrants, CO will be perpendicular to the planes 
ABO and abl) ; and since the perimeters of circles are to 
each other as their radii, we have 

ab bD bD . ,,, . , /D 

"-TTI = TTT: = T^ = sm "OD = sm bC = cos oB. 
AB BO bO 

The above equation expresses the length of the arc of a 
parallel of latitude in terms of the latitude of the place 
and the corresponding arc of the Equator. Thus ab = AB 
cos (latitude) ; or, the distance (ab) between two places in the 
name latitude, measured on the parallel^ is equal to the dif- 
ference of longitude (AB} multiplied by the cosine of the 
latitude. 

8. The JLime. A Lune is a portion of the surface of 
a sphere enclosed by two great circles. 

In fig. 1 the area ACBEA is a lune; so also is the 
area AEBC'A. 

The angle between the two great circles bounding the 
lune is called the Angle of the Lune. 

The area of a lune is readily expressed in terms of the 
angle of the lune and radius of the sphere. For we have 
evidently 

Area of Lune : Area of Sphere : : Angle of Lune : 2ir ; 
or, denoting the angle of the lune by A, and assuming* 

* See Tart II., Art. 97. 
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the area of the sphere to be 4irr*, where r is the radius of 
the sphere, 

Area of Lime = 2Ar*. 

9. Theorem. Any section of the surface of a sphere by 
a plane is a circle. 

For (fig. 1) if OD be let fall from 0, the centre of the 
sphere, perpendicular to the plane CC\ we have 

<7D 2 = CO 1 - OD* = constant, 

since CO is constant, and OD is fixed. Hence, every point 
of the section of the surface is equidistant from D, and 
therefore lies on a circle round D as centre. 

10. The intersection of two spherical surfaces is a circle. 
Consider the triangle ABX formed by joining the 

centres A and B of the two spheres and any point X on 
their curve of intersection. The sides of this triangle are 
given, and the line of centres AB is fixed ; hence the oppo- 
site vertex X (i.e. the variable point on the curve of sec- 
tion of the two spheres) is at a constant distance from AB, 
or lies on a circle having AB for axis. 

This property is more general than that stated in the 
previous Article, and reduces to it as a particular case by 
supposing the radius of either sphere to become infinitely 
great. 

11. Solid (or Conical) Angles. When three or 
more planes intersect at a point they enclose what is 
termed a Solid Angle at that point. The much more ex- 
pressive term, Conical Angle, is also used. There is a solid 
angle, for example, at each corner of a cube, and at each 
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vertex of a tetrahedron or pyramid. Every closed curve, 
plane or tortuous, subtends a solid angle at any point in 
its neighbourhood, the solid angle being enclosed by the 
lines drawn from the point to every point of the contour 
of the curve. 




Fig. 3. 

Let A BCD (fig. 3) be any curve or plane area. From 
any point draw an infinite number of lines OA 9 OB, 
00, 01), &c., passing through the boundary of ABCD. 
These lines form an irregular cone, having its vertex at 
O, and enclosing the curve or area ABCD. The solid 
angle of this cone is the solid angle which ABCD sub- 
tends at 0. 

To measure this angle, an expedient similar to that 
employed in reckoning plane angles by circular measure 
is used. About describe a sphere of unit radius, and 
let the cone formed by the lines from to ABCD inter- 
sect the surface of this sphere in the curve AB'C'jy '. 
The curve A'ffC'D' will enclose an area on the sphere, 
and this area measures the solid angle at 0, just as the 



10 The Sphere. 

arc of a circle of unit radius measures the angle it sub- 
tends at the centre. The student must be careful, how- 
ever, not to regard a solid angle as an area, but as a mere 
number, like the circular measure of a plane angle. For 
as the circular measure of a plane angle is the ratio of the 
length of the arc subtending it to the radius of the circle, 
so the ratio of the area A'&C'D' to the square of the 
radius of the sphere is the true measure of the solid or 
conical angle. When the radius of the sphere is unity 
this ratio becomes numerically equal to the number of 
units of area enclosed by A'B'C'D'. 

Since the radius of the sphere is unity, its area is 4?r ; 
hence the sum of all the solid angles round any point is 
4?r, and the solid angle subtended at by the l/n th part of 
the surface of the sphere is 4ir/n, which is thus a mere 
number. For example, the solid angle contained by 
three mutually rectangular planes, as at a corner of a 
cube, is I IT. 

Examples. 

1. If is situated inside a closed surface, the sum of the solid angles 
subtended at by all the elements of the surface is 4ir. 

2. If in Ex. 1 is situated on the surface, the sum of all solid angles is 
2 JT. [For in this case the lines joining to all the points of the surface 
intercept half the area of the sphere.] 

3. As a case of Ex. 2, the solid angle subtended at any point by an infi- 
nite plane, or by any plane curve at a point enclosed by it, is 2?r. 

4. The solid angle of a right cone of semi -vertical angle a is 2ir (1 - cos a). 
[See Art. 97.] Thus the solid angle subtended by a circle of radius r at a 

point on its axis, distant z from the plane of the circle, is 2ir [ 1 : \ 

\ ' 
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12. Theorem. The point of intersection of two great 
circles and the arc joining their poles are pole and polar with 
respect to one another. 

For let A and B be two points, LO and MO their 

O 




Fig. 4. 

polars, the point of intersection of the polars ; then 
AO = |TT, OB - |TT ; hence OA and OB are secondaries to 
A B ; therefore, &o. C Ar t. 6 (2).] 

Examples. 

1. Two great circles bisect each other. 

They have a common diameter. 

2. The axis of any circle is determined by the intersection of two of its 
secondaries. [Art. 6 (3).] 

3. Find the locus of the centres of a system of circles having common 
secondaries. Ans. The common axis of the system. 

4. The pole of any great circle is ninety degrees from the circumference. 

[Art. 4.] 

5. The arc drawn through the poles of two great circles cuts both at right 
angles. 

5. Draw a great circle cutting two given circles, great or small, at right 
angles. 

6. If three or more great circles are concurrent, their poles are concyclic, 

7. Any great circle is the locus of the poles of all its secondaries. 
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8. If from any point on the surface of a sphere two great circles can be 
drawn perpendicular to a given great circle, that point is the pole of the 
circle. 

[For, each of the arcs drawn perpendicular are secondaries ; therefore, 
&c. Art. 6, (2).] 

9. The external bisector of an angle passes through the pole of the in- 
ternal bisector ; nnd conversely. 

10. If two great circles are equally inclined to a third, their poles are 
equidistant from the pole of the third. 

lOfl. If a point is equidistant from three great circles, it is also equidistant 
from their poles. 

11. Two equal small circles are drawn touching each other : show that the 
angle between their planes is twice the complement of their spherical radius. 

(Science and Art Examination Papers.] 

[For, join the centres of the small circles to the centre of the sphere, and 
also to the point of contact of the circles. 

Then the lines drawn to the centre of the sphere contain an angle equal 
to twice the spherical radius of either small circle, and the lines drawn to 
the point of contact of the small circles contain an angle equal to the inclina- 
tion of the planes of the circles ; therefore, &c. (Euc. III. xxn.)] 

12. On a sphere whose radius is r a small circle of spherical radius, 6, is 
described, and a great circle is described having its pole on the small circle ; 
show that the length of their common chord is 



(Science and Art "Examination Papers.} 

[For the angle between the axis of the small circle and the plane of the 
great circle is evidently 90-0. Hence the distance, d, from the middle 
point of the common chord to the centre of the small circle is given by the 
equation 

d r cos cot 0. 

Again, if c be the common chord, it follows that 

(r sin0 + d) (r sin0 - d ), 
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since r sin 9 is the radius of the small circle ; therefore 



c = - V- cos 20, 
Bin6 ' 

the negative sign occurring under the radical, since 20 must be greater than 
90 for real section.} 

NOTE Hence the segments of a great circle, made by the intersection of a 
small circle of given radius, maybe calculated on a sphere of given radius. 

13. The angle subtended at the centre of a circle, groat or small, by two 
points on it, is equal to the angle subtended by them at its pole. [Art. G.] 
14. If through the centre of a sphere a line be drawn parallel to a chord 
AE of a semicircle AEG described thereon, it meets the sphere at the middle 
point of the arc BC. 

15. Given A, B, 0, J), four points on a segment of a circle ; prove the 
relations 

a. sin BC sin AD + sin CA sin BD + sm AB sin CD - 0. 
0. sin BCcos AD + sin CA cos BD j- sm AB cos CD = 0. 

a . BC . AD . GA . BD , AB . CD 

y. sin sin + sm sin h sm sm i), 

' K v n n n n 
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CHAPTER II. 

SPHERICAL TEIANGLES. 

13. IN the present chapter it will be shown that geome- 
trical figures drawn on the surface of a sphere (or different 
spheres of equal radii) have many properties and relation- 
ships analogous to those of corresponding figures described 
on a plane surface ; and with the latter the reader is sup- 
posed to be already familiar. 

14. Ileliiiltions. By a Spherical Figure is meant a 
portion of the surface of a sphere enclosed by arcs of 
great* circles, e.g. 

A Spherical Triangle is bounded by the arcs of three 
great circles; a Spherical Quadrilateral by four great 
circles; a Spherical Polygon by many great circles. 

In the particular case, when the number of enclosing 
arcs becomes indefinitely great, the figure becomes a Sphe- 
rical Curve. A great circle drawn through two indefinitely 
near points on a curve is a Tangent Circle to the curve. 
Great and small circles are examples of spherical curves. 

The arcs are generally spoken of as the Sides, and their 
angles of inclination as the Angles of the spherical figure. 

Since, however, three great circles on a sphere intersect 
one another so as to form eight triangles, for the sake of 
convenience, and to avoid ambiguity, that particular tri- 
angle is selected which has two, or if possible three, sides, 
each less than a quadrant. 

* Unless otherwise stated. 



Colunar or Associated Triangles. 

The three sides and three angles are termed the ^t 
of a spherical triangle ; and, as will be hereafter seen, any 
three whatever given in magnitude are necessary and suf- 
ficient to determine the remaining three. 

15. By the %rc connecting two Points on a sphere, 
unless otherwise expressed, we mean the lesser segment of 
the great circle passing through the points. (See Chap. I. 
Art. 3.) 

Examples. 

1. Each side of a spherical triangle is less than two right angles. 

2. Each angle of a spherical triangle is less than two right angles. 

[For if possible let ABC he a spherical triangle, having an angle at A 
greater than two right angles. Continue the arc BA to the point X on the 
side C. 

Then BX is a semicircle; hence #Z+ CXia greater; therefore ABC is 
not a spherical triangle.] 






Fig. 5. 
3. The area of any spherical triangle is less than 2HT 2 . [See Art. 8.] 

16. Colunar or Associated Triangles. By pro- 
ducing the sides of a triangle to meet below the base, a 
triangle is formed, having two sides and the opposite 
angles respectively supplemental to two sides and the 
opposite angles of the original triangle, while the remain- 
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j angle of the one is equal to the remaining angle of 
the other (being opposite angles of a lune). Triangles 
whose parts are so related are termed Colunar, and the 
three triangles colunar with the given one are sometimes 
termed its Associated Triangles. The triangle taken in 
the first instance is called the Primitive Triangle. 

Examples. 

1. The three associated tiiangles, taken in pairs, have a side and an oppo- 
site angle of the one equal to a side and an opposite angle of the other. 

2. When a triangle is equilateral, the colunars are each isosceles. 

3. The ares joining the vertices of the colunar triangles are equal to the 
sides of the primitive triangle. 

17. Parts of a Spherical Triangle. Let ABC be 

a spherical triangle described on a sphere having its centre 
at 0. Then OA = OB = 00 = the radius of the sphere. 
The arcs BC, CA, and AB are proportional to the angles 
BOO, CO A, and AQB, which they subtend at the centre. 




Fig. 6. 

and the angles BAC, ABC, and BCA between the sides 
are equal to the angles between the planes containing the 
solid angle at 0. (Chap. I., Art. 6.) 
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The notation for the parts of a spherical triangle adopted 
throughout will be that of Fig. 6, viz. for the three angles 
the letters A, B, and C, and for the opposite sides the 
small letters a, b y and c, respectively ; though, as will be 
hereafter noticed, the letters A 9 B y and (7, may denote 
indifferently the number of degrees in the angles or the 
circular measure of the angles. 

Any expression involving one or more parts of a tri- 
angle is a Function of these parts, and may be represented 
in a general form such as for the side ,/(#); for the 
sides , #, and c,/(#, b, c)\ for two sides b and c, and 
the angle A, f (b, c, A); for all the parts, / (a, b, c, 
A, B, C). 

18. Sphere of Infinite Radius. At the point of 
intersection of two great circles, let two tangents be 
drawn to them in their respective planes ; the plane con- 
taining both tangents is, with respect to the sphere, the 
Tangent Plane at the point. Now consider the radius of 
the sphere to increase indefinitely. It is manifest that 
as the radius increases, each element of surface, and, as 
a consequence, the whole surface in the neighbourhood 
of the point, approaches nearer and nearer to the plane ; 
and the great circles described thereon approach nearer 
and nearer to the tangents. In the limiting case, when 
the radius of the sphere becomes indefinitely great, and 
the curvature therefore indefinitely small, the great circles 
approximate so closely in position to the tangents that 
they may be regarded as coincident with one another. 

Thus the sphere and the great circles degenerate respec- 
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tively into two* planes (one of which is at infinity), and 
two pairs of lines (one pair being also at infinity). f But 
it is to be observed that the angle of inclination of the 
planes of the great circles alone remains unaltered (of. 
Chap. I., Art. 6). 

Hence the relations involving certain parts of a spheri- 
cal triangle may be regarded as more general than those 
involving similar parts of a plane triangle ; and by the 
aid of the expansions 



and 



1 a 3 1 a* . 

13" 7* 4 ;T 7* ~ to 



= I - "^ - ^ to infinity (2) 



(see Plane Trigonometry), any function of A, B, C, a, 
b y c, the parts of the former, can be transformed into a 
function of A, J5, (7, o, )3, 7, the parts of the latter. It 
should, however, be clearly understood, that a represents 
the length of an arc subtending an angle a, at the centre of 

* In accordance with analytical geometry ; but it is quite sufficient to 
understand that any finite portion of the surface is a plane. 

t Reference to the Earth, considered as a large sphere, will elucidate this 
statement. 

The surface of a lake or any small portion of water is apparently a perfect 
plane, although it partakes of the general curvature of the Earth, which 
maybe observed in the case of the ocean, where a distinct curvature is exhi- 
bited. It can therefore be readily imagined that if the radius of the Earth 
were greatly increased, even the surface of the ocean would present no per- 
ceptible curvature. 

Now take any point on the surface, and draw a plane passing through it 
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a sphere of radius r ; and when r becomes infinite the arc 
a becomes a right line, viz. a side of the corresponding 
plane triangle. 

It thus appears that every great circle forming part of a 
diagram in Spherical Greometry will be represented by a 
right line in the corresponding diagram m piano ; but we 
must carefully remember that every right line of a plane 
figure lias not necessarily a representative great circle in 
the corresponding figure on the sphere ; for it will appear 
hereafter that in some cases small circles on the sphere 
also become right lines in piano. 

For example, it is well known that when the base and 
area of a plane triangle are given, the locus of its vertex 
is a right line parallel to the base ; but when the base and 
area of a spherical triangle are given, the locus of its 
vertex is a small circle passing through tho points dia- 
metrically opposite to the extremities of the given base. 
(See Art. 101.) A moment's consideration will make it 
plain that the small circle locus here mentioned should 
in piano be represented by a right line, and still further 



and through the centre of the Earth. This plane will cut the surface of the 
Earth in a great circle (Chap. I., Art. 9). But the surface, at any point, 
being sensibly a plane, the trace of this great circle on it will be approximately 
a right line, since the intersection of two planes is a right line. If another 
great circle be drawn through the point, the two will not differ sensibly 
from a pair of right lines intersecting at it; and since they both pass through 
the diametrically opposite point, they will intersect at it also as a pair of 
right lines, the surface of the Earth being at this point also approximately a 
plane. Now if the radius of the Earth were indefinitely increased, no cur- 
vature whatever would be observed at any part of its surface, and the point 
diametrically opposite to any selected one would be infinitely distant from 
it, and the results stated above would follow. 
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a right line parallel to the base of the triangle. For it 
passes through the points diametrically opposite to the 
extremities of the hase, and in piano these points are in- 
finitely distant ; hence the small circle in question becomes 
one of infinite radius, that is, a right line ; and it must 
meet the given base at infinitely distant points, that is, it, 
must be parallel to it. Hence we are not to conclude that 
all rectilinear loci in Plane Geometry are represented by 
great circle loci on the sphere ; but, on the contrary, that 
any small circle on the sphere, constrained to pass through 
a point diametrically opposite to any point of a spherical 
figure, is represented by a right line in the corresponding 
plane figure. 

Another example illustrating this principle will be found 
in Art. 169, Cor. 6. 

19. The Analogy between Problems in Plane 
and Spherical Trigonometry referred to in the pre- 
vious Article may be more clearly illustrated as follows : 

(1). Any two sides of a triangle are together greater than 
the third side. 

[Proof as in piano, v. Euc. I. xx. Otherwise thus: 
The great circle AB (fig. 6) is the shortest distance mea- 
sured on the sphere between the points A and B\ there- 
fore 

AC + BC > AB. (See also Euc., XI. xx.)] 

(2). Only one triangle can be constructed with three given 
arcs (any two of which are greater than the third). 

[If we attempt to construct a triangle with three given 
arcs, as in Euc., I. xxn., we obtain two triangles on the same 
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base with their vertices on opposite sides of it. These tri- 
angles camiot bo shown equal by direct superposition* on 
account of the curvature of their surfaces, but they may 
be divided into others which caii be superposed (see Note, 
Art. 100) ; and it is also evident that one of them can 
be placed on the sphere with its vertices diametrically 




Pig. 7. 

opposite to the vertices of the other. In this position it 
is clear that the angles of one are equal to the angles of 
the other ; for their sides are parts of the same three great 
circles, and their angles are the angles between the planes 
of these circles, or the angles of equal luues. Two such 
triangles are represented in fig. 7, and are said to be sym- 
metrically equal. 

(3). If two triangles have two sides, and the included angle 
of one respectively equal to the two sides and the included angle 
of the other, the triangles are equal in every respect. 

[Euc., I. iv.j 

[For two sides of given length intersecting at a given 
angle determine the vertices of the triangle. Therefore 
(Art. 3(1)) the base and remaining angles are determined, 
and the triangle is unique.] 

* If the triangles be cut out from a thin flexible spherical shell, they can 
be superposed directly by reversing the curvature of one of them. 
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(4). The angles at the base of an isosceles triangle are equal 
to one another* 

[Proceed exactly as in Euc., I. v., using- (3)J. 

(5). If two angle* of a triangle be equal, the triangle is 
isosceles. 

(6). The sum of one pair of opposite angles of a quadri- 
lateral inscribed in a circle is equal to the sum of the remain- 
ing pair.* 

[For by joining the. pole of the circle to the angles of 
the quadrilateral we have four isosceles triangles ; there- 
fore, &c., by (4).] 

(7). The sum of the sides of a quadrilateral is greater than 
the sum of the diagonals. 

[Apply (1)0 

(8). The greater side of evert/ triangle is subtended by thf 
greater angle. 



* Otherwise thus : Let ABC\>Q an isosceles triangle on a sphere, with 
centre 0. At A and B draw tangents to the equal sides CA and CH, 
in their respective planes. These tangents will 
intersect 00, produced, in the same point T. 
For if possible let the tangent at B intersect it 
in T. Then in the two triangles AOT and 
SOT' we have the angles TO A and T'OB 
equal, the angles OA Tand OBT right angles, 
and OA = OB; therefore (Euc., I. xxvi.) OT 
= 02". 

Also AT^BT, and the tangents to AB at its 
extremities are also equal ; therefore, &c., Euc. 
I. vin. This being established independently, (2) and (3) follow from it. 

t This property may be regarded as the criterion of a cyclic spheiical 
quadrilateral. (See Art. 26.) 
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For, let ABC (fig. 8) be the given triangle, having the 
angle B greater than the angle A. Draw a great circle 




Fig. 8. 

BX, making the angle ABX = angle A. Then BX = AX. 
But BX + CX > BC ; therefore AC>BC. 

It may be easily shown that the theorems given in 
Euc. I., Props, xv., xviii., xxi., xxiv., xxv., xxvi., are 
more generally true for the sphere. 

(9). The internal bisectors of t lie angles of a triangle, or two 
external and one internal, are concurrent. [ (Euc. IV. v.) ] 

[The points of concurrence are the poles of the small 
circles touching the sides of the triangle.] 

(10). The arcs of great circles bisecting the sides of a tri- 
angle at right angles are concurrent. [ (Euc. IV. v.) ] 

[The point of concurrence is the pole of a small circle 
passing through the vertices of the triangle.] 

(11). Given the base and sum of base angles, the external 
bisector of the vertical angle always passes through a fixed 

point. (Dublin University Exam. Papers.) 
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For, let ABC (fig. 9) be a triangle having the given 
base AB. Upon AB construct an isosceles triangle AOB, 
having each of the base angles GAB and DBA = (A + B). 




Fig. 9. 

Draw OX and OY secondaries to BC and AC^ respectively. 

In the two right-angled triangles BOX and AOY, AO 
= BO y LOAY=L OBX =\(B-A}\ therefore A Y = BX } 
and OX-OY. 

Again, compare triangles COX and COY: OX = Y, 
OCiB common, and the angles at X and Fare right angles; 
hence CO is the bisector of the external vertical angle pass- 
ing through the fixed point above determined. 

(12). Given of a triangle the base and sum or differ- 
ence of base angles, the internal and external bisectors of 
the vertical angle pass through fixed points. 

[Of. Prop. (11).] 

20. Theorem. The great circle bisecting the sides of a 
triangle intersects the base 90 distant from its middle point. 



Theorem. 



25 



Let ABC (fig. 10) be the triangle ; X, F, Z, the middle 
points of .the sides ; AL> BM, and CN y secondaries drawn 
through the vertices of the triangle to the great circle XY, 
passing through the middle points of the sides. Let XY 




meet the base in the points I) and E, which are, therefore, 
diametrically opposite. is the pole of XY. (Chap. I, 
Ex. 8.) 

Now in the two triangles ALT &nd CYN we have 
AY=CY, LAYL-LCYN, and LALY-LCNY\ 
therefore the triangles are equal in every respect. Hence 
AL = CN. Similarly it can be shown that BM = ON. 



Therefore 



AL-BH-CN. 
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Again, in the two triangles ALD and BME it follows 
easily that DL = ME and AD = 7?^ ; hence 



Cor. The perpendiculars of a Spherical Triangle meet in 
a point* 

[Regarding XYZ (fig. 10) as the triangle, the per- 
pendicular from Z on XY is, by the above, the polar of 
the point E. It is, therefore, perpendicular to AB. 
Similarly the perpendiculars from X and I 7 on the sides 
FZand ZX are at right angles to BC and CA, respec- 
tively ; therefore, &c., Art. 19 (10)]. 

Exercises on Fig, 10. 

1. The arcs DL and XT are complementary, 

2. The triangle AOB is isosceles. 

3. The angle LAY = S - A, where 2S = A + +C. 

4. The arcs 00 and OA are supplementary. 

5. Given the base and the sum of the three angles, the locus of the vertex 
C is a small circle having its pole at 0. 

[For under the given conditions the triangle AOB is fixed; hence also 00, 
by the aid of Ex. 4 ; therefore, &c.] 

6. D and E are the middle points of the sides of the colunars on AC and 
B C respectively. 

Polar Triangles. 

Definition. Two triangles so related that the vertices of 
the one are the poles of the sides of the other are called, 
with respect to one another, Polar Triangles. 

* The proof here given is due to Sadlier. See also Art. 54. 
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21. Reciprocal Relations >t" the Sides and Angles 
of Polar Triangles. If two triangles be so related that 
the vertices of the one are the poles of the corresponding sides 
of the other ; then, conversely, the vertices of the latter shall be 
the poles of the corresponding sides of the former. 

Let the points A, J5, and C (fig. 11), be respectively the 
poles* of B'C\ C'A', and A'B' the sides of the triangle 
A'B'C'. Produce the side B '<?' (if necessary) to meet AC 
in the point J/, and AB in the point N. 




Fig- 11. 

Now, since A is the pole of B'C' ', the arc AB f is a qua- 
drant ; and since is the pole of A'B', the arc CB' is a 
quadrant ; hence B' is the pole of A C : similarly, A f is the 
pole of BC, and C' the pole of AB; therefore, &c. 

[Art. 12.] 

Cor. 1. The arcs connecting the corresponding vertices 
of a triangle and its polar pass through a point, viz. the 
common Orthocentre of the two triangles. 



* The poles of the sides of a triangle may be conveniently obtained by 
drawing great circles through the vertices perpendicular to the opposite sides, 
and by taking points on them (measured from the sides towards the vertices) 
90 distant from the sides. These points are evidently the required poles. 
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[For the arc joining A and A' (fig. 11) is perpendicular 
to each of the arcs BC and B'C', since it passes through 
their poles; therefore, &c., Art. 20, CorJ]. 

Cor. 2. The sides of a triangle intersect the correspond- 
ing sides of the polar triangle in six points lying on a 
great circle. 

[For tiie arc AA r is the polar of the points of intersec- 
tion of BC and B'C' : similarly the arcs BB' and CC' are 
the polars of the points of intersection of CA, C'A' and 
AB, AB'\ therefore, &c., by Cor. 1.] 

22. Theorem. The angles of the primitive triangle are 
the supplements of the corresponding sides of the polar ; and 
conversely. 

Since B' (fig. 1 1 ) is the pole of A (7, B'M is a quadrant, 
and for a similar reason C'N is also a quadrant (Chap. I., 
Ex. 4). 

Hence NN* B'C' -two right angles. 

But MN is equal to the angle A ; therefore the angle 
A and the side B ' Q' are supplemental. 

Similarly, the angles B and C are the supplements of 
the sides C'A' and A'B f respectively ; therefore, &c. 

NOTE. From the above property, Polar Triangles are 
also termed Supplemental Triangles; and if ', V, c', 
A' 9 B') C ', represent the parts of the triangle A'B'C* 
(fig. 11), it follows that 

-4+^=/?+-y = (7+c'ir. 

Also 

A' + a = ff + b = C' + c - ir. 
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These results are of the greatest importance, inasmuch 
as any theorem which holds good between the sides and 
angles (e.g. a, b, c, A, B) of a spherical triangle necessarily 
involves a reciprocal or supplemental theorem, involving 
the opposite angles and sides (viz. A, B, C, a, b), and 
which may be derived from it by changing the sides into 
the supplements of the corresponding angles, and the 
angles into the supplements of the corresponding sides. 

23. The results obtained in the previous Article may 
be further exemplified, as follows: 

(a). It has been seen that two sides of a triangle are 
greater than the third : thus #4 c> a. 

Applying this inequality to the sides of the supple- 
mental triangle, it follows that 

7T - B + TT - C > 7T A . 

Hence, B 4 C - A < TT, i.e. S - A -- --. (1) 

Similarly, C 4 A - B < TT, i.e. 8 - B < ~. (2) 

& 

And A + B~ C<?r, i.e. S~ C<^. (3) 

Or, the difference between any two angles of a spherical 
triangle is less than the supplement of the third angle. 

Particular cases of the inequalities (1), (2), and (3), are 
worthy of notice. 

a. Suppose, for example, that the primitive triangle is 
right-angled at C, it follows from (3) that 
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or, the sum of the angles of a right-angled triangle is less than 
four right angles. 

/3. It likewise follows, by the aid of (2), that 



or, the difference of the oblique angles of a right-angled 
triangle is less than a rig lit angle. 

(b). Prop. (4), Art. 19, involves the converse theorem, 
viz., If two angles of a triangle are equal, the sides sub- 
tending them are also equal. [See Prop. (3), Art. 19.] 

(<?). Prop. (8), Art. 19, involves the converse theorem, 
viz., The greater angle is subtended by the greater side. 

(d). Prop. (3), Art. 19, involves the supplemental theo- 
rem, viz., If two triangles have two angles and a side of the 
one equal to two angles and a side of the other, the sides 
being similarly situated with respect to the equal angles, 
the triangles are equal in every respect. 

(e). In any triangle, if C = A + B, then - A and 
- B are each less than a right angle. 

For C - A = E, and C - B = A ; but B + C - A < IT ; 

hence B < -=, and A<-\ therefore, &o. 

Al <& 

Examples. 

1. Given two angles of a triangle to be 45 and 120, find the maximum 
value of the third angle. 

Let A be the third angle, then by aid of (1), 

A 4 120 - 45 < 180. 
Hence, 

A < 106. 
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2. The angles of a triangle are A t 30 and 150 ; find the maximum value 
of A. Am. A < 60. 

[Proof as before.] 

3. If the angles are A, 20 and 110, find the maximum value of A. 

Am. A < 90. 

4. If the difference between any two angles of a triangle is equal to 90", 
the remaining angle is leas than 90 a . [Cf. Art. 23, 0.J 

5. If the primitive triangle be equilateral or isosceles, the supplemental 
triangle is equilateral or isosceles. 

24. Theorem. If two sides of a triangle are supple- 
mental, the opposite angles are supplemental. 

For in the triangle AEG (fig. 12), if AC + AB = TT, 




B 

Fig. 12. 
since the arc ABA' is a semicircle, then will 

AC= AB, and AC = AB. 

Therefore the two triangles ABC and ABC are equal in 
every respect ; therefore, &c. 

Examples. 

1. If two sides of a triangle are supplemental, two sides of the polar 
triangle are likewise supplemental. 

2. In fig. 12, the arc joining the middle point M of BC with A or A' is 
a quadrant. 

[The triangles A'BM and ACM are equal in every respect.] 

3. Given the base of a spherical triangle, and the sum of the sides equal 
to two right angles, find the locus of the vertex. 

Ans. A great circle, having the middle point of the base as pole (Ex. 2). 
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25. Angular Limits of the Sides and Angles of 
a Spherical Triangle. It has been said that each side 
and each angle of a spherical triangle may have any 
values between and ?r. It is, therefore, manifest that 
the sum of the angles cannot exceed STT; and it will bo 
here shown that the sum of the sides cannot exceed 2 IT. 
For in the triangle A'RC (fig. 12), 

BC<A'C + A'B. 
To each add 

AC + AB. 

Hence, 

BO + CA + AB < AC + AC + AB + A'B < 2ir. 

Hence a + b + c can have any value between and 2 TT, 
and A + B 4- C can have any value between TT and 3 TT. 
The latter may be seen otherwise, thus : 
Since 0, a + b + c, 27r, are in ascending order of 
magnitude ; hence, for the supplemental triangle, 

0, Tr-A + ir-H + TT-C, 2 IT, 

are likewise in ascending order of magnitude ; there- 
fore, &c. 

25 (a). Theorem. If the sum of one pair of opposite 
angles of a spherical quadrilateral be equal to the sum of 
the other pair, the quadrilateral is cyclic. 

For let ABCD [fig. 12 ()] be a quadrilateral, such that 
the sum of the angles A and C is equal to the sum of 
the angles B and D ; and if possible let the circle passing 
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through B) (7, D not pass through A 9 but let it, as in 



Fig. 12 (a). 

Fig. 12 (#), intersect the arc AD in some point A'. 
Join JL4'. 

Then, by Art. 19 (6), since A BCD is in a circle, 

A' + C = D + AEG. 
But 

A + C = D + 



Therefore, by subtracting, 

^ - A = 4JB4', or ^ - ABA - ^', 

which is impossible, since ^4' is the external angle of the 
triangle ABA ; and, by Art. 23 (a), the difference of any 
two angles of a triangle is less than the supplement of the 
third. Therefore the points A, B, C, D lie on the same 
circle, i.e. the quadrilateral is cyclic. 

25 (b). Analogue of Ptolemy's Theorem. If a, b 9 

c, d be in order the sides, 8 and S' the diagonals of a spherical 
quadrilateral inscribed in a circle ; then 

sin \a sin \c + sin ^b sin Jrf = sin J8 sin J8'. 
For if r/, b', c', d" be the chords of the arcs which form 
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the sides of the quadrilateral, e f and,/' those of the diago- 
nals, it is clear that a', 6', &c., are the sides and diagonals 
of a plane quadrilateral inscribed in a circle, and therefore 



but a' 2 r sin ^a, b' = 2r sin J5, &c., where r is the radius 
of the sphere. Therefore, &c. 

Examples. 

1. Any side of a triangle is greater than the difference between the other 
two sides. 

2. When does the primitive triangle coincide with the supplemental P 

Ana. When its sides and angles are each *. 

2 

3. Assuming the earth to he a sphere, is the area included hetween two 
meridians and a parallel of latitude a spherical triangle ? Give a reason for 
your answer. (Science and Art Exam. Papers.) 

4. The sides b and c of a triangle are produced both ways to points x and 
#', y and y', 90 distant from the middle point of the sides. Show that, if 
secondaries to the sides from x and y intersect in P, and from x' and y' in 
P', the points P and P' are diametrically opposite. 

6. The triangle PQfR' is the polar triangle of that formed by joining the 
middle points of the sides of ABC, where Q' and R' are formed by similarly 
producing the sides c and a, a and b t through the extremities of the remain- 
ing side. 



NOTE on Art. 26. 

[The formula of Art. 26 may be obtained directly by equating the projec- 
tion of OD on OE to the sum of the projections of OC aud CD on the same 

line. Thus 

OD cos c = OC cos b + CD cos C sin b, 
or 

cos c as cos a cos b + sin a sin b cos <7.] 



CHAPTEE III. 

FUNDAMENTAL RELATIONS BETWEEN THE PARTS OF A 
SPHERICAL TRIANGLE. 

SECTION I. 

26. Having given the sides of a spherical triangle, to 
determine the cosines of the angles. 

C 



O <!.... 




Let A B C be a spherical triangle ; a, b, and c, its sides ; 
the centre of the sphere. Draw GD and CE tangents 
to a and b at C* 

Since these tangents lie in the planes of the circles to 
which they are drawn, they will meet the radii OB and 

* The same result will be obtained if, instead of drawing tangents at C, 
any point 0' be taken on OC, and lines C'D' and C'E' be drawn perpen- 
dicular to it,meeting OB and OA in D' and E\ respectively. 
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OA in D and E respectively, and the angle between EC 
and CD is equal to the angle C (Chap. I., Art. 6). 
Now, from the two triangles ECD and EOD we have 

DE* = CD 2 + CE* - 2 CD . CE . cos C . . . () 
Also DE Z = OD* + OE* - 2 OD . OE . cose . . . ; (/3) 
and since the angles OCE and OOD are each 90, 

OC Z = OD 2 - OD 2 = O# 2 - CE\ 
Hence, on subtracting (a) from ()3), 

- 00* + 07) . O# cos C-OD . OE . cose; 
or, 

00 00 CD CE 



therefore, cos c = COB a cos b + sin a sin b cos C. \ 
Similarly, cos b = cos c cos i sin c sin cos 7?, > (1) 

and cos # = cos b cos c + sin 6 sin c cos^4. J 

From these formulae we obtain the angles in terms of 
the sides. Thus : 

cos a - cos b cos c \ 



cos A 
cosl? = 
cosO = 



sin b sin c 
cos & - cos c cos 

sin c sin a 
cos <? - cos a cos 6 
sin b 



(2) 



These results are of special importance, and the student 
should make himself perfectly familiar witlf them at the 
outset. 
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They apply to all spherical triangles, whether the arcs be 
greater or less than quadrants. 

27. Generalization. In the preceding Article it is plain, on referring 
to the figure, that the proof given only applies to a spherical triangle having 
the sides a and b each less than ^TT. For, in the two triangles 00 E and 
OCD) each right-angled at C, the angles 702? and COD are acute, and there- 
fore the arcs a and b suhtended by them on the sphere are less than $ir. 
No such restriction has been placed on the limits of the remaining side c : 
it may, therefore, be greater, equal to, or less than, %-n, 

It therefore remains to be shown that the foregoing theorem is applicable 
when either o/or both the sides a and b are greater than quadrants. 

(1). In the former case let a be greater than, and b less than, a quadrant. 




Let a and c (fig. 14) be produced to meet in 1?. Thou in the triangle 
AB'C t by the preceding it follows that 

cos AB' - cos B' C cos A + sin B' sin A G'cos A OB' ; 

therefore, 

cos c = cos a cos b -f sin a sin b cos C. 

(2). In the latter case let a and b (fig. 15) be each greater than a quadrant 



c r 
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Then in the triangle ABC? we have 

cos c = cos BO' cos A C' -f sin BO' sin AC' cos (7; 
or, 

cos* m cos a cos b + sin a sin b cos 0. 

The remaining cases, when either of or both the sides a and b are 
quadrants, are left as easy exercises for the student. The formula referred 
to are, therefore, applicable to all triangles drawn on the surface of a 
sphere. 

27 (a). Might-angled Triangle. We shall now apply the for- 
mula of Art. 26 to a triangle right-angled at (7, and deduce the relations 
existing amongst the parts of such a triangle. 

Since C = $ir, cos = ; hence 

(1). cos c = cos a cos 6. 

(2). Again, from the formula, 

cos a cos b cos c 

COS A : = : . 

sin b sin c 

On substituting the value of cos a from Ex. (I) we have 
A tan* 

COS A SB . 

tan* 
Similarly, 

^ tan 

cos.B = . 

tanc 

(8). On substituting the value of cos b from Ex. (1) we have, from (2), 
after reduction, 

. . sin a 
8 in A - . 
sine 
Similarly, 

. ^ sin b 

sin B = -: . 

sin c 

(4), From Examples (2) and (3) we have, by division, 

tan a ~ tan A sin b, 
and 

tan b = tan B sin a. 

(5). From (4) we have 

Jan a tan b ~ tan ^4 tan B . sin a sin b : 
or, 

COt ^df COt J& as COS 008 b = 008 (7. 
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(6). From (2) and (3) we have 

cos A SB cos a sin B. 

The above six formulas, connecting the sides and angles of a right-angled 
triangle, are expressed in general terms thus : 

(1) cos (hypotenuse) =* product of cosines of sides. 

(2) cos (angle) tangent (adjacent side) -f tun (hypotenuse). 

(3) sin (angle) = sin (opposite side) -f sin (hypotenuse). 

(4) tan (side) = tan (opposite angle) x sin (remaining side). 

(5) cos (hypotenuse) = product of cotangents of base angles. 

(6) cos (angle) = cos (opposite side) x sin (remaining angle). 

(7). Let b = o = -, and the expression 

cos a- cos b cos c i sin b sin c cos A 
reduces to 

eos a cos A t [ Vide Art. 6, fig. 2.] 

as is otherwise evident, since in this case G is the pole of AS. 

(8). Let a b o ; 

then cos a = cos 2 a -|- sin 2 a cos A ; 

or, cos a (1 cos a) = (1 cos 2 a) cos A. 

Hence, sec A = 1 -f sec a, 

a constant relation between the angle and side of an equilateral spherical 
triangle, which shows that when the sides are quadrants the angles are 
right angles, and conversely. 

(9). Given a aide or angle of an equilateral triangle ; solve it completely, 
and deduce the limiting values of the sides and angles of an equilateral 
triangle. [Apply Ex. (8).] 

(10). Given the latitudes and difference of longitudes of two places on the 
Earth's surface, compute the distance between them. 

(Science and Art Exam. Papers). 

(11). Apply Art. 26 (1) to prove the theorem of Art. 19 (3). 
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28. Analogous Formula iu Piano* Supposing the radius of the 
sphere to be indefinitely great, show that the formula 

cos a cos b cos c . 

- ; SB COS A 

sm o sm e 

i8 2 + *y 2 - a 2 
degenerates into M ' cos ^4, 

where A is an angle, and a, #, and 7 the sides of a plane triangle. 

Expanding cos a, &c., by the aid of formulae, Chap, n., Art. 18, and 
neglecting all powers of the radius above the second, wo have 



: COS A t 



which reduces to 

*-L^ = eoS A. 

29. Kiegendre's Theorem. If the sides of a spherical triangle be 
small compared with the radius of the sphere, then each angle of the spherical 
triangle exceeds by one-third of the spherical excess the corresponding angle of 
the plane triangle, the sides of which are of the same length as the arcs of the 
sphet ical triangle. 

In the foregoing example the powers of the radius higher than the second 
were neglected. Suppose, however, a closer approximation to be made, and 

the powers of - above the fourth neglected. 
Then 



cos A = 
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But by the aid of the Binomial Theorem we have 

, F + 7* = \ " " 6^") " l + "6^"' nearly * 
A " ~67~ 
Hence 



_ 

" 2/3? 

Now consider a plane triangle of sides, a, 3, and 7 ; angles A' , li' t and C' ; 
and area = A = |37 sin-4'. 
The ahove equation reduces to the form (Plane Trig.) 



A , 

= COB A 



. 

Let the excess of A over A' be denoted by 6, 9 being a very small 
quantity ; then A = A' + 0, and 

cos A cos A' - $ sin A' nearly ; 
therefore, 

sin- A' 

cos ^4' -- ^ 7 - cos A 6 sin^/' ; 
or 4 

or > a- A - 

~ 3r* 
We have, therefore, 



Whence 



But the expression A + J? + C - TT denotes the excess of the sum of the 
angles of a spherical triangle over the sum of the angles of a plane triangle 
(both being expressed in circular measure), and is therefore called the 
Spherical Excess; therefore, &c. 

[See alsr Ixam. Paper vin. 2, 3', and Art. 107.] 
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SECTION II. 

30. Expression for the sine of an angle of a spherical tri- 
angle in terms of the trigonometrical functions of the sides 
We have (Art. 26), 



therefore 



cos^i = 



cos a - cos b cos r 
sin b sin c r 



/cos a - cos b cos c\* 
\ sin b sin c / 
sin 2 b sin 2 c - (cos a - cos # cos c}* 

sin 2 6 sin 2 c 
(1 - cos 2 b) (1 - cos 2 c) (cos a cos b cos c) a 

sin 2 b sin 2 c 

^_ 1 - cos 2 - cos 2 b - cos 2 c + 2 cos a cos # cos c 
sin 2 6 sin 2 c 



where 



sn sn 2 



Hence, 

Similarly, 

and 



1 - cos 8 a - cos 2 b - cos 2 c + 2 cos a cos 6 COB c.* 
2w 



sin A 



sin 6 sin c 



sin I? = 



sin (7 



sin <? sin a 



sin a sin # 



(3) 



* The function n has ben called the sine of the solid angle that the tri- 
angle subtends at the centre of the sphere (vide Salmon's Geometry of Three 
Dimensions, Art. 64), and may be written in the determinant form 

1, cos 0, cos b 

cos c, \ cos a 

cos A, a, 1, 
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31. Mule of Nines. From the value of sin A in tbe 

previous Artice we have at once 

sin A __ sin B _ sin G __ 2n /^x 

sin a sin b sin c sin a sin & sin c 

Hence* the sines of the angles of a spherical triangle are 
proportional to the sines of the opposite sides. 

The corresponding theorem in piano is, "The Sines of the 
Angles of a Plane Triangle are proportional to the opposite 
Sides." 

Examples. 

1. Given the base c and the function , find the locus of the vertex. 

-~(Q. U. /., Exam. Papers.) 
In 



Since sin A * 



sin b sin <J f 



we have given sin b sin A, which, hy the aid of Art. 31, or 27, Ex. 3, 
is equal to sin p, where p is the perpendicular from the vertex on the hase. 
The locus is, therefore, a small circle having the same poles as the hase. 
2. If a, j8, 7, be the perpendiculars of a triangle, prove that 

sin a sin a = sin b sin /8 = sin c sin y 2. 
[For (Art. 27, Ex. 3), 

sin a - sin b sin C, sin $ = sin o sin A, sin 7 sin a sin 8 ; 
therefore, &c., Art. 30 (3).] 

NOTE. The rule of sines follows at once from the equation 

sin a =s sin b sin C - sin c sin B ; 
therefore 

ein B Bin b 

sin C sin c 
Therefore, &c. 

* Or thus : take P, the pole of the side <?, and apply equation (1), Art. 26, 
to the triangles AGP and ECP. Then cos CP = sin a sin B = sin b sin A. 
A particular case of this theorem has already been proved in Art. 24. 
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3. In Ex. 2 show that 

sin a cos a = V cos 3 b + cos 2 c - 2 cos a cos b cos <?, 
with similar expressions for cos /3 and cos y. 

[Since 

V 1 cos 2 a cos 2 5 cos 2 c 4- 2 cos a cos A cos 

sin a = sm sin (7 = - . 

sma 

Hence sin 2 a sin' 2 a, or sin 2 a sin 2 a cos 2 a 

1 - cos 2 a cos 2 b cos 2 c + 2 cos a cos J cos c , 
therefore, &c.] 

4. The sines of the segments of the base of a triangle made by the bisec- 
tors of the internal and external vertical angle are to one another as the sines 
of the adjacent sides. (Cf. Euc., VI. in.) 

5. The bisector of the base divides the vertical angle into two parts, the 
ratio of whose sines is the inverse ratio of the sines of the adjacent sides. 

6. If M be the middle point of the base AB of a triangle ABC, and M ' * 
a point on the base, such that the angle A CM is equal to the angle BGM\ 
prove that 

an. AM' : sin-BJT : : sin 2 : sin 2 a. 

7. If pi, pi be the perpendiculars drawn from the mid-point M of the base 
of a spherical triangle on the great circle bisectors of the vertical angle A, 
and p$ the perpendicular from A on the great circle perpendicular to the base 

through M, prove 

d 

(1) sin^i sin p% = sin ^3 sin - sin (B + (7). 

(2) Give the analogous theorem for a plane triangle. 

(Educational Times, August, 1884.) 

[Let x and y be the points where the external and internal bisectors meet 
the perpendicular through M; then 

sin pi sin pz sin MX sin x . sin My sin y sin MX . sin My ^ 
sin jps ~~ sin Ax . sin x sin xy ' 

therefore, &c. 

The analogous theorem in piano is = a sin A. "] 

p& 

* The arc CM ' is called a Symmedian of the triangle ABO. 
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32. Geometrical Proof of the Rule of Sines. - 

To show geometrically that the sines of the angles of a spheri- 
cal triangle are proportional to the sines of the opposite sides. 
Let ABC (fig. 16) be a spherical triangle, the centre 
of the sphere. From any point Pin OC let fall a perpen- 

c 




dicular PD on the plane AOB. Join GD, and let fall DE 
perpendicular on OA. Join PE. PD is perpendicular to 
all lines drawn through D in the plane A OB. 
Now 



OP 2 = 

therefore PEG is a right angle. 

Now, since PE and DE are drawn in the planes OAO 
and GAB perpendicular to their line of intersection GA, 

LPED-LA-, 
therefore 

. PD . , PE 



and 

. A . . PD 
sin A sin o -r- 
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Similarly, by letting fall a perpendicular DF on OB we 
get 

PD 

sin B sin a -~-p = sin -4 sin b $ 

henoe 

sin A _ sin .# ^ sin (7 

sin a sin b sin c * 

33. Expressions for the sine, cosine, and tangent 
of half an angle of a triangle as function* of the 
sides. 



We have 



7r =1 + 008^4 



- [Art . 26 (2)]. 

sm b sine L J 



sn 



sin b sin c sin b sin c 

2 sins sin (*- a) , ft , 

- . _i L where 2s = a + b + c ; 

sm o sm c 

hence 

-4 /sin s sin (s - ) 

008-^= / : i. 

* \ sm b sm c 
Similarly, 

cos- 
nd 



cos 



# _ jsin sin (s - b) 
2 \ sin c sin # 

~ = I 8 " 1 g s ^ n ^ " c ^ 
2 \ sin a sin 6 



(5) 
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Expressions for Sin ~, Cos , and Tan -^ 

4, 6 



Again, 



A 

2 sin 2 -?r 1 - cos A 
& 



_ - cos a - cos ft cos c 
sin ft sin c 

cos (ft - (?) - cos 
sin ft sin c 

2 sin (s - ft) sin (s - c) ^ 
sin ft sin c 



hence 

Similarly, 
and 



'H >: 



~ 
2 



. c 

8in r 



(s - ft) sin (s - c) 
sin ft sin c 

s - c) sin (s - a) 
sin c sin a 



sm a sm < 
From the above results we obtain 






A _ sin \A _ /sin (s - ft) sin (s - c) 
s | -4 \ sin s sin (s - a) 



(7 

with similar expressions for tan and tan . 

& <v 



(6) 



(7) 



NOTE. 

n . A A 
VOL A = 2sm -r-cos * 
2 2 



(*-*) sin (*-c); 
[From (5) and (6)], 
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hence 

sin A sini? sin C 2 /- 

__ - __ __ _. ____ V8 

sin a sino sine ema sine sine 

Comparing this expression for eiuA with that derived in Art. 30, we 
see that 

sin . sin (a a) . sin (s - b). sin (* - c) 
m i (1 cos 2 a - cos 2 * - cos* c + 2 cos a cos ft cos 0) 
-tf, 
an identity which can he readily proved hy direct multiplication of the four 

factors, sin *, sin (s - a), sin (*-*), and sin (* - e). 

Thus, 

2 sin s sin (* - a) *= cos a cos (b } c), and 2 sin (* - ^) sin (* - c) 

cos (b c) - cos ; 
therefore, &c. 

Examples. 

1. Find the conditions that 

1 cos 2 a - cos 2 # coB 2 c + 2 cosa cos b cos<J0. 

2. Prove that 

8 3 = sin 2 a sin 2 b sin 2 c sin A sin JB sin <7. 

3. Prove that 

A 7? f 1 

cot : cot : cot sin (* - a) : sin (* - b) : sin (s t). 
222 



4. Prove that 



j9 A (7 sin (* - a) 
tan tan - = - 



2 2 sin 

5. Prove that 



. 

Blna ' 



with similar expressions for sin (* - b} and sin ( o). 
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6. Prove that 



7. Prove that 



. , . . A . fi . n 2 

sin a sin b sin sin sin - em = . 
222 sin* 



8, Prove that 

. A S sin(*-#) C 

Bin cos = -; cos -. 

22 sine 2 

NOTE. * By the aid of a similar equation, 

A . S sin (s - a) C 

cos -- sin = ; cos . 

22 sine 2 

We have, on adding and subtracting, 



c a-b C 

n-^ cos- -cos cos-. () 

. A-B . e . a-b C 

sin -- sin - = sm ~ cos ~. (;8} 

L L A it 



Again, from Examples 5 and C, we have 



c a-f b . 

cos 2 cos - = cos sm -. ( 7 ) 

A-B . e . a+b . G , 

cos sin - = sin sm -, (B) 

four equations which will be afterwards proved geometrically. 



* The equations o, #, 7, 5, are known as Gauss's Formulae, and the equa- 
tions a', #', 7', 8' (Ex. 9), are known as Napier's Analogies. They will all 
be further discussed later on. 
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9. Prove that 

. M A+B cos $(-*) (7 



or,. 

1 ' 



2 



^ - c 

( 7 ). tan ---- tan-. 



[These results follow from Ex. 8.3 

SUPPLEMENTAL THEOREMS. 

34. Having given the angles of a spherical triangle, to 
determine the cosines of the sides (of. Art. 26). 
Iii the formula, 

cos a - cos b cos c + sin b sin c cos A, 

change the sides into the supplements of the corresponding 
angles, and the angle into the supplement of the corre- 
sponding side (Note, Art. 22), and we get 

cos A = cos B cos C - sin B sin C cos a. 

Therefore, 

cos A -f cos B GOB C 



- . . 
Bin B sm C 

Similarly, 

. cos B -f- cos cos A 
cos= - -__ - - , 

sin 6 sin A 
and 

cos (7 -f cos A cos -5 

COS C = - : - j~ : - =r --- 

sin ^1 sin i> 
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All the results obtained in Art. 26, as particular cases 
of formula (1) of this Chapter, may also be deduced as 
particular cases of formula (8), by supposing the triangle 
to be equilateral or right-angled, as the case may require. 

35. A 1111 1 off o u * Formula in Piano. If we suppose the radius of 
the sphere to be indefinitely great, we have (Chap, n., Art. 18) cos a = 1. 

Therefore, 

cos A + cos B cos C- sin 7? sin 67, 

horn which it follows at once that 

A -f S + C = IT. 

Examples. 

1. In any triangle show that 

cos A 4- cos J5 __ sin (a + b) 

1 cos C siu c 

[If the internal bisector of the angle C make an angle B with the opposit 
side, we have 

SI /> 

cos & + cos A cos - = sin A sin - cos b ; by Art. 34 (8) ; 

and also 

. . C 

cos Q -f cos II cos = sin H sin - cos a. 
2 2 

Adding these equations, we eliminate 0, and deduce the above expression.] 

2. In any triangle show that 

_ cos A 4- cos J5 . 

2 __ sm ( a _ fy sin -a o. 

1 - cos G ' 

[This result may be obtained at once from Ex. 1.] 
8. Prove the relation 

cos A ~ cos ~B __ sin (a ~ b) 

1 + cos C sine 

[This follows, as in Ex. 1, by drawing the external, instead of the internal, 
bisector of C.] 

4. Prove the relation 

cos A - cosJ? . . _. . 

2 .. _ sin (a -f o) sm c s= 0. 

1 -f cos C v ; 
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5. If a great circle passes through the vertex <7, making angles a and ft 
with the sides a and b, the angle 6, which it makes with the side <?, is given 
by the equation 

cos A sin o - cos B sin j8 = cos sin (7. 

C For 

cos A. -f cos cos $ = sin sin j8 cos 8 (Art. 34 (8)), 

where 8 is the intercept hetween the vertex and the base ; also 

cos B cos 6 cos a = sin 6 sin o cos 8, 
eliminate 8 between these equations ; therefore, &c.] 

6. If through any point P on a sphere three great circles be drawn, 
cutting the sides of a triangle at angles X, F, Z\ X\ 9 Fi, Z\ ; Z 2 , F, Z?, 
respectively ; prove the following determinant* relation : 

cos X cos T cos Z 
cos X\ cos Fi cos Z\ n 0. 
cos .Xa cos FJJ cos Zz 
[Let the three concurrent arcs make angles a, #, and a -f j8 with each other. 
Since the side is cut at angles X, XL, and Xz ; by Ex. 5, 
cos X sin a - cos JS^ sin cos Jfj sin (a -f #). 



Similarly, 
and 



cos F sin a cos F2 sin 3 = cos FI sin (a -1- /3), 

cos Z sin a cos Zi sin # = cos Z\ sin (a -I- ). 
C 




Fig. 17. 

Eliminating a and j8 from the three equations, the above result easily 
follows.] 

* For a knowledge of Determinants, vide Burnside and Panton'e Theory 
of Equation*, Chap. xi. 
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7. Having given that the sides of a triangle are each -, find the sides of 

3 

the supplemental triangle. 

[Since the angles of the latter triangle are each - , cos a = - - I . 
6 3J 

8. Find a relation connecting the angles of a triangle if one side a is a 
quadrant. Am. cos A + cos B cos C = 0. 

9. Given A, B> C, find the angle 9 which the bisector of the vertical 
angle makes with the base. 

If i be the length of the internal bisector, we have 

cos A + cos & cos ^ cos H cos cos ^ 
sin 6 sin ^ C ~ sin 6 sin ^ C ' 
therefore, 

cos A <- cos J) 

""" 2008*0 - 

10. If 6' denote the angle made by the external bisector of the vertical 
angle with the base, show that 

, COS-^1 + COS 2? ,, 

8089 -- -- (Cf - El - 9 ' ) 



11. From any three points, A, J?, and (7, on a great circle, secondaries A A 1 ', 
BB' t and CC' are drawn to another great circle ; prove that the algebraic 

sura 

sin B'C' cos A + sin C'A' cos + sin A'B' cos G 

is equal to zero. (Apply Ex. 5.) 

12. The extremities of the diameter A of a small circle are joined with 
a point C on the circle ; prove that the angles subtended at the pole by the 

joining arcs A C and J?(?are cos' 1 - : - '-. (Apply Ex. 5.) 

13. Given the base c and - ~ = - cos C, find the locus of the vertex. 

COS J} 

[ as - by Ex. 8. Hence the locus is a great circle, having the vertex B 
2 

for pole.] 
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36. Expression for the Side of a Spherical Tri- 
angle in terms of the Trigonometrical Functions 
of the Angles. (Cf. Art. 33.) 

We have 
^ . a , - cos A + cos B cos C 

2 Sin 2 s = 1 - COS a - 1 - r-^ -v ^ [Art. 34.] 

2 sm .# sin C 



_ cos A 4- cos (B 4- (7) 2eos$.cos($ - A} 
sin .# sin (7 sin B sin C f ' 

where 

2S ~ A + B + C. 
Therefore, 

an I = p^5wT(S^ (9) 

^ v sin B sin 6 1 

with similar values for sin %b and sin \c 
Again, 
, a ^ - cos ^4 + cos I? cos (7 

2 COS 3 rr = 1 + COS fl - 1 + : ?7; 7; 

2 sin /> sin 6 

cos -<4 -f cos (jR C) 2 cos ($ B) cos ($ (7) 

sin B sin (7 sin B sin (7 

therefore, 

cos- = / ^ -^ -.- ^ ^t (10) 

2 \ sm J5 sm (7 v 7 



with similar values for cos | > and cos 
Also 



, sin|a _^ I - cos 8 cos (^3)~~~" 
Wa 2'mta "V cos (S - B) cos (^^0)' 

with similar values for tan b and tan J c. 
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Moreover, 
sin a = 2 sin a cos | a 



(12) 

We shall use the symbol JW to denote the radical in this 
expression, so that we have 

sin B siu C sin a - sin C sin A sin b - sin A sin B sin c = 2N. 

Remark. The positive sign has been given to the radi- 
cals in the formulae for sin \a, cos , and tan J#, since \a 
is necessarily less than JTT. (See also Chap. II., Art. 23.) 

Examples. 

1. 4JV 2 - I - cos 2 ^t - cos-J? - co&G - 2 cos A cos B cos C. 

2. If JP, <?, r be the perpendiculars from the vertices on the opposite sides, 
show that 

(a), sin a sin/) = sin b sin q sin c sin r In. 
(). sin A sinp = sin J? sin # = sin G sin r = 2J\T ; 
and hence 



sin a n 

-. - = etc. = ~ 
8in-4 N 



3. Prove that 



sin A sin jy sin (7* 
4. Prove that 



sin sin d sin c 

6. Prove that 

22V" = (sin a sin sin e sin 2 ^4 sin 2 ./? sin* 6* )' 
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6. Prove that 

b c cos S 
tan - tan - = 77- . 



[Geometrically thus (see Chap. II., fig. 10) : 

- cos 5 tan A L tan A L ^ . _ L . , r ^ * 
___ - ---- = - : - - - cot AD tan A Y = tan - tan - 
cos(S~^) ttmAD tan^F 22 

7 Prove that 

sin 2 A -f sin 2 B + sin 2 1 -f cos A cos B cos C 
sin 8 a -f- sin 3 b -f sin 2 c 1 cos a cos b cos c 

(Dublin Univ. Exam. Papers.) 
[We have 

2 ^ + sin 2 {7 N' Z - sin* A - *w?3 - sin 2 a 



_ _ _ 

"n 2 " ~ sin 2 a ~" sin 2 a -f sin 2 b + sin 2 c ~ 4ri* - sin 2 a sin 2 A - sin 2 c * 
therefore, &c. (see Exs. 1 and 2).] 

8. Given the vertical angle O of a triangle, and the function JV, find the 
envelope* of the base. 
[By formula (12) 

22V = sin B sin C sin = sin G sin r, 

where r is the perpendicular from the vertex on the hase. The envelope 
is, therefore, a small circle round C as pole.] 

9. If A =s a, then B and C are respectively equal or supplemental to b 
and c, and N n. 

10. Show that 

4 JVn as sin o sin b sin c sin A sin JE? sin 

11. Verify the following formulae by the expansions of tan (a ft) : 

fl+ ft COS i (^ - #) 

" ten =c4fcr^ tan 2- 



2" 



* The envelope is the figure which it always tc uches. 
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12. Write out and otherwise establish the corresponding formulae to (o 
and 0, Ex. 11) for the supplemental triangle. 

13. If I be the length of the arc joining the middle point of the base to 
the vertex, find an expression for its length in terms of the sides. 

Let the arc I make an angle with the base c. Then, Art. 26, 

cos a cos I cos ^ e cos b cos I cos \e 
cos & = 



sin I sin J c sin I sin J c 

therefore, 

cos a + cos b 

COS / = : . 

2 cos | 

14. What is the corresponding theorem in piano to Ex. 13 ? 

[Let a, /3, 7, and A. be the lengths of the arcs a, &, <;, and J, respectively. 
Expanding by Chap. II., Art. 18, and neglecting the powers of the radius 
higher than the second, we have 



t-a (-a 



Hence, by reduction, 



a result well known in Geometry.] 

15. Having given the base, and the sum of the cosines of the sides, find 
the locus of the vertex. (Of. Ex. 13.) 

16. An equilateral triangle is described on a sphere whose radius is r, 
and each of its sides is less than a third of the circumference of a great 
circle by a small difference, &. Show that the square of a side of the polar 
triangle is 4r&V3 very nearly 
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SECTION III. 
Three Important Theorems. 

37. Theorem I. In any spherical triangle, 
cot a sin b = cot A sin C + cos b cos C* 




Fig. 18. 

Let ABC (fig. 18) be a spherical triangle. Produce A C 

through C to 0, so that AO = . Join BO. 

& 

Applying Art. 26 (1), to the triangles BOC and BOA, 
we have 

cos BO - cos a sin & - sin a cos 6 cos C 

from triangle J5 0(7; and 

cos J50 = sin c cos -4 
from triangle BOA, since cos AO = 0. 

* The following symmetrical form of writing this equation, in which it is 
easily remembered, has heen in use for some time, and is worthy of notice. 
Taking the four parts of the triangle connected by the equation in the 
order in which they occur in the triangle (e. g. a, tf, b f A), and calling the 
first and fourth the extreme, and the second and third the middle terms, 
the formula becomes 

cos (mid. side) cos (mid. angle) = sin (mid. side) oot (other side) 

sin (mid. angle) oot (other angle). 
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Hence, equating these expressions for cos BO, 
cos a sin b = sin a cos b cos O -f sin c cos A. 
Dividing each side of this equation by sin <z, and substituting 

sin C sin c ., , 

_. _ f or __ ? and we nave 
sin A sin a 

cot a sin b = cot ^4 sin C + cos 6 cos C. (3) 
Similarly, by producing the side EC through C to a point 

jr from B, we have 
<& 

cot b sin ^ = cot B sin (7 + cos a cos (7. (2) 

Similarly, by producing the sides of the triangle through 
the angles A and B, it follows that 

cot b sin c = cot B sin A + cos c cos ^4. (8) 

cot c sin 5 cot (7 sin -4 -f cos cos ^4. (4) 

cot c sin # = cot (7 sin J5 + cos a cos J5. (5) 

cot a sin c = cot A sin ^ 4- cos c cos $. f6) 

The same results will be obtained directly from the 
equations 

cos a cos b cos c + sin ft sin c cos ^4, 

cos c - cos a cos ft -f sin a sin ft cos (7 

by eliminating the sides a or c. 

The above formule, as they enable us, when given two 
sides and an angle, or two angles and a side of a triangle, 
to determine the remaining parts, are of great importance, 
and are thus expressed in general terms : 
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Cotangent of any side x sine of another side - cotangent of 
the angle opposite to the first side x sine of included angle 
4- cosine of second side x cosine of included angle. 

38. Applying equation (1) of preceding Article to the 
polar triangle, we have 

- cot A sin B = - cot a sin c + cos B cos c ; 
or, by transposing, 

cot a sin c = cot A sin B + cos c cos J5, 
an equation identical with (6), Art. 37. 

Moreover, it will be seen that each of the formulae just 
proved contains four parts of a spherical triangle, which 
are connected thus : 

(a) Two sides and included angle with one of the base 
angles; or, 

(/3) Two angles and an adjacent side with one of the 
remaining sides. 

39. Corresponding Theorem in Piano. Using equation (1)' 

and putting 



we have 



r $ 

- as cot a, = sin b t and cos b =* 1 9 



j8 . sin (A + 0) 

- m cot A sin tf+ cos C B - v ' 



a sin A 

Hence 

a sin A 



(Science and Art Math. Honors Exam.} 
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Examples. 

1. Having given two sides of a spherical triangle, find the length of the 
bisector of the vertical angle intercepted between the vertex and the base 




Let i denote the internal bisector of the angle C t and 6 (fig. 19) the angle 
It makes with the base. 
Then 

cot a sin i cot sin \ C + cos i cos \ O t 
and 

cot b sin i = - cot sin ^ C 4- cos i cos | C; 
by addition, 

(cot a -f cot b) sin i = 2 cos < cos ^ (7; 
or 

cot # -f cot b 

eot.- ^--. 

Similarly, if y denote the external bisector of C (by the colunar triangle) 

cot a, ~* cot b 

00t " = 2BinK ' 

2. What are the analogous formulae in piano P 

1 1 

A * a * T^I-D'i. 2rt * 

/f w*. = =-=r; = , ' . or Internal Bisector = cos - . 

Internal Bisector 2 cos | C 1 a + 6 2 

and External Bisector * , sin -. 
a~b 2 
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3. If ii, <2 and 13 denote the bisectors of the internal angles of a triangle, 

prove that 

A. _Z? C 

cot u cos -- + cot i 2 cos + cot 13 cos - cot a + cot b 4- cot c ; 
i Z 2i 

and hence, in a plane triangle (vide Hudson's Plane Trig., p. 164), 
cos^A cos|.B cos|(7 1 1 1. 

, ^. -| as I- + J 

II *2 13 O C 

and if 771, 172, and 773 denote the bisectors of the external angles, 

.A . B . G 

cot 771 sin 4- cot 772 sin -4- cot 773 sin -- = 0. 
2i 2> 2 

4. Using the preceding notation, prove that 

* A C 

cot 771 sin 8= cot 12 cos -" cot 13 cos . 

2i & 2 

5. Find the angles and tf (fig. 19) made by the bisectors of the angle 
with the opposite side c. 

[From the equations of Example 1 we have at once 

(cot a cot b} . 
cot = v . ' em i, 

2 sm C ' 

and 

(cot -f cot ) . 

cot d' = v - J : sm r?.] 

2 cos ^ (7 J 

6. Find the arc intercepted on the base by the bisectors of the vertical 
angle 

j cos ZF= cot B cote' (fig. 19). 
I. 

(cot 2 a- cot 2 *) . ._ _. 

~ 



but sin i sin 77 = sin XYsin r (Art. 31, Ex. 2), where r is the perpendicular 
from the vertex on the base AB. 
Therefore 

A __ (cot 2 - cot 2 *) sina sin i , % 

cot XF= r-~ (Art. 31, Exs. 1 and 2.) 

sin (a 4- b) sin (a - b) m 
2 sin a sin b sin * 
or, in terms of the angles, 

2 sin A sin J? sin o ' J 
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7. Show that the sum of the cotangents of the intercepts made by the 
internal and external bisectors of the angles of a spherical triangle on the 
opposite sides is equal to zero. (Educational Times.) 

By the preceding Example 

sin 2 a sin 2 b 



2 sin sin A sine 

8. Give the analogous property in piano. 

(See Casey's Sequel to Euclid, sec. viii., Ex. 17.) 

9. If i, 12, and 43, the internal bisectors of the angles of a triangle, make 
angles respectively 0i, 02, 03, with the opposite sides, prove that 

&in&A sinijB siniC 1 

" _j_ . * _j_ ~ . ... ; Oj 

sin n tan 0i sin 13 tan 02 sin 13 tan 63 

(See Ex. 5.) 

and that if 0j', 0g', and 0j', are the angles made by the external bisectors 
with the opposite sides, 

cos -i A cos 7? cos 1 

+ . s 4. _. ? _ s C ot a 4- cot b 4- cot e. 



sin r)i tan Q'\ sin ij 2 tan 0'a sin t/ 3 tan 0's 

(See Ex. 5.) 

10. From the vertex C of a spherical triangle an arc of a great circle is 
drawn to meet the base AB in D; if Ci and O z are the segments of the 
angle (7, respectively, opposite AD and D t show that 

cot CD sin G cot a sin <7i 4- cot b sin <7z*. 

(Science and Art Math. Honors.) 
[Let CD make an angle with the base, and we have 

cot a sin CD = cot sin <7 a -4- cos CD cos #3 (1) 

also, 

cot b sin CD = - cot sin Ci + cos OD COB Ci (2) 

Eliminate from equations (1) and (2) ; therefore, &c.] 

11. If (j> be the angle between the base c of a spherical triangle and its 
bisector, 



cot A - cot B s= 2 cos - cot <j>. 
2 

* This relation connects the latitudes and differences of longitudes of three 
places in the same great circle on the surface of the Earth. 
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12. Prove that 

cos 2 b - cos 2 e cos 2 c - cos 2 a 



cos b cot cos c cot G COB c cot C cos cot -4 
cos 2 a 



cos a cot A cos cot #' 

and express each of the three quantities as a symmetric function of the sides 
of the triangle. 

[Multiplying equation (1) hy cos a and (2) by cos , and subtracting the 
results, each of the expressions becomes sin b sin c sin A, &c. = 2.] 

13. Write out the corresponding theorem for the supplemental triangle. 

40 . Theorem II. The angular distances of three pointy 
A, B, and C, on the name great circle, and any other point^ 
P, on the sphere, are connected by the relation 
sin BO cos AP + sin OA cos BP + sin AB cos OP = 0. 




Fig. 20. 

We have (fig. 20),* 

cos AP = cos AS cos BP + sin AB sin BP cos ABP, (1) 
and 
cos OP cos BC cos BP - sin BC sin .BP cos ABP. (2) 

* Or thus : If D he the foot of the perpendicular p from P on AC, then 
2 sin J?(7cos -4J9 = 0. But cos AD = cos -4P -f- cos^? ; therefore, &c. 
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Multiply (1) by sin BC, and (2) by sin AB, and add 
the results. Then 

sin BC cos AP 4 sin AB cos CP = sin AC cos BP; 

or writing sin AC - - sin CA, we have the algebraic 
sum 

sin BC cos ^4P + sin CA cos #P + sin AB cos OP 
equal to zero.* 

41. Analogous Theorem in Piano. By the method similar to 
that used in Art. 39, we get 



(Townsend's Modern Geometry, vol. i.) 

42. When the point B (fig. 20) bisects the base AC of 
the triangle A CP, the formula of Art. 40 readily reduces 
to 

cos AP + cos CP - 2 cos ^AC cos BP. 
Or, 

The sum of the cosines of the sides of a triangle is equal to 
twice the cosine of half the base into cosine of the bisector of 
the base. [See also Ex. 13, Art. 36.] 

Again, when the point B on the base AC is ninety 
degrees distant from the middle point of AC, we have 

AC 

cos AP - cos CP = 2 sin -^ cos BP, 
& 

an equation which furnishes an obvious solution to the 
problem Owen the base and difference of cosines of the sides, 
find the locus of the vertex. 



* Compare this with the more general reBults of Arts. 132 and 134. 
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Examples. 

1. Having given the base e of a triangle, and / cos a i m cos b, find the 
locus of the vertex, I and m being constants. 

Ana. A circle, the pole of which divides the base internally (or externally) 
into segments, the sines of which are to one another as I is to m. 

NOTE. Particular cases of this example, viz., when I = w, have been 
considered in Arts. 42 and 36. 

2. Having given the base and ratio of cosines of the sides ; find the locus 
of the vertex. 

[Let the arc GP (fig. 20) be a quadrant. Then in the triangle ABP, the 
formula of Art. 40 reduces thus : 

cosAP sin AG f 

cos P ** sin ' 

hence, according to the given conditions, C is a fixed point on the base, and 
the vertex therefore describes a great circle having Gfor pole. (Of. Art. 56, 
Ex. 11.)] 

3. Show that the points A, B, G (fig. 20), will lie on the same great circle 
if sin B G sin AL + sin GA sin BL -f sin AB sin GL = 0, 

where AL t L, GJL f are secondaries to any great circle L. 
What is the corresponding theorem in piano ? 

(Vide Townsend's Modern Geometry, vol. i., chap. 6.) 

4. If the base e of a triangle be a quadrant, show that if any point X be 
taken on it, 

cos CX = cos a sin AX + cos b cos AX. 

5. From any three points on a great circle, secondaries, #, y, z ; x' t y' t z' ; 
x" t y" t ", are drawn to the sides of a triangle ; prove the determinant relation 

sin x sin y sin z 

sin x' sin y* sin ** =0. 

sin x" sin y" sin z" 

(Apply Ex. 3.) 

43. Theorem III. If from a fixed point P on the sur- 
face of a sphere an arc of a great circle be drawn, meeting 
a small circle at A and B, and if PA and PB be denoted 
by p and p', then 

tan J p tan i /o' = constant. 
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Let C (fig. 21) be the pole of the small circle. Join 
CA 9 CB 9 and OP by arcs of great circles. Ijet the angle 




Fig. 21. 

APC be denoted by 9, the arc OP by 8, and the arc CA 
by . 
From the triangle APC we have 

cos a = cos p cos 8 + sin p sin 8 cos 0. 

1 - t 2 2t 

Let tan J p = tf. Then cos /o = ^ - ^, and sin ^ = ^ -. 

Substituting these values for cos p and sin p in the 
above equation, and arranging in powers of t> we get 

+ cos 8) - 2 1 sin 8 cos + cos a - cos 8* = 0. (1) 



* This may be regarded as the polar equation of the small circle, and its 
analogue in piano, p* 2pd cos + d 2 a? = 0, can be deduced at once by 

aid of the formulae of Art. 18. If for t we substitute its reciprocal -, we 

form a new equation, the roots of which are the reciprocals of the roots of 
equation (1). The product of the roots of the reciprocal equation is clearly 
constant, and it is therefore the equation of a circle. It therefore follows 
that if on any radius vector, PA, drawn from any fixed point P to a circle, 
a point A' be taken, such that tan \PA tan JP-4'= constant, then the locus 
of A' is also a circle. This method of transformation is termed Spherical 
Inversion, and a summary of it will be found in Chapter XII., Section v. 
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By proceeding in identically the same manner we ob- 
tain from the triangle BPG an equation in t (where 
f = tan J p') in all respects the same as that in f , and 
hence it follows that tan | p and tan ^ p' are the roots 
of the above quadratic, and therefore their product, 



tan |p tan |/= ~ tan i (8 -a) tan i(8+), (2) 



which value is independent of 0, and depends only on the 
fixed quantities and 8 ; therefore, &c. 

Otherwise thus: 

Draw CM perpendicular to AB. Then AM = -Rftf ; 
and since (Art. 27, Ex. 1) cos 8 = cos PJf cos (7Jf, and 
cos a = cos AM cos CM, we have, by division, 

cos AM _ cos a 

cos PM cos 8* 
Therefore, 

cos AM - cos PJf cos a - cos 8 
cos AM -f cos PJf cos a + cos 8* 

which reduces at once to 

tan | p tan | p' = tan | (8 - a) tan i (8 -f a). 

Remark. In fig. 21 it is to be observed that we have 
two triangles, OP A and CPB> having the same three parts 
a, 8, and 0. Whenever more than one triangle can be 
constructed from three given parts, the solution of the tri- 
angle is said to be ambiguous (see Chap. V.) However, it 
should be noted that the remaining sides p and p of the 
triangles are not independent of each other, but are con- 
nected by the relation of this Article, 
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Examples. 

1. Deduce the corresponding theorem in piano. 

Ans. Euclid, III. XXXVL 

2. If the vertical angle C of a triangle be equal to the sum of the base 
angles, and if the perpendicular p from the vertex on the base divides it 
into segments c\ and c%, show that 

tan C{ tan \ cz = tan 2 $p. 

[Let p meet the hase in D. Produce CD through D to C", so that DC* - DG. 
Then the triangles ABC and ABC' are equal in all respects, and the vertices 
of the quadrilateral ACBC' are concyclic, being equidistant from the middle 
point of AB. Therefore, by Theorem III., 

tan \ c\ tan J cz - tan $ CD tan J G'D = tan 2 $ p."] 

3. Given the base AE, and that 0- A + I?, find the locus of the vertex C. 

Ans. A circle having its pole at the middle point of the base. 
[NOTE. In this case the chordal triangle is right-angled at <?.] 

4. In Theorem III., fig. 21, show that tan^p + tan ^p' is a maximum, 
when PAB passes through G, and determine the maximum value. (Use the 

quadratic in t.) 

. 2 sin 8 

Ans. 



cos a -f cos 8 

6. Show that =^~ _J varies as cos 0, and explain when 9 = 90. 
sm ^ p sin f p 

6. If through a point inside a circle two chords be drawn at right angles, 
and if their segments be pi, pz ; PS, pt, show that 

tan 2 pi -f tan z |p3 + tan 2 J/? 3 -f tan 2 /> 4 = const. = - - - - . 

(Dub. Univ. Exam. Papers.] 
[Equation (1) gives us 

2 sin S cos 6 

tan % pi + tan J p2 = - - , 
* r * cos a + cos 5 

and for the perpendicular chord 

. 2 sin 5 sin 9 

tan * ps + tan * 04 = - r. 
zr a r cos a -f cos 8 

Square, add, and reduce by equation (2).] 

7. Using the notation of Ex. 6, show that 

cot 2 J pi -f cot 2 J pz + cot 2 1 p 3 -f cot 2 p 



c os5 2 ' 
8. Describe a circle bisecting the circumferences of three small circles. 
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Miscellaneous Examples. 

1 If s and *' are the segments of the base made by the perpendicular 
from the vertex, and a and a those made by the bisector of the vertical 
angle, show that 

s - s' a - a' a - b 

tan tan - = tan 2 - 
22 2 

-~(Dublin Univ. Exam. Papers.) 
I We have 

cos a cos , sin a sin a 

= an d _ = -_ . 

cos o cos s sin b sin a 

Taking the difference to the sum in each equation, we get 

a b a -^ b j s s' c 
tan -y- tan -y- = tan -y- tan -, (1) 

and 

a b a + 6 ff - a f c 

tan -y- cot -y- = tan ^ cot - - (2) 

Multiplying (1) and (2) together, we have 

s s' ff ce' a - b ~J 

tan _____ tan -y- - tan' J 

2. Prove that 

sin b sin e -f cos b cos cos ^4 = sin I) sin (7 - cos B cos cos a. 
[If from the extremities of the base .#(7 quadrants (7(7* and BB' be measured 
on the sides towards the vertex, the left-hand side of this equation is 
obviously cos B'C'. 

Again, if secondaries be drawn to the sides at C and , the angle between 
them is equal to the srcJl'C' (Chap. I., Art. 6), and the cosine of this angle 
is equal to the expression on the right-hand side of the equation by 
Chap. III., Art. 34; therefore, &c.] 

Otherwise thus : 

Multiplying together the equations 

cos a cos b cos c 4 sin b sin c cos A t 
and 

sin B sin C cos a cos B cos C cos A, 

and observing that 

sin B sin C sin 2 a = sin b sin c sin 2 ^, (Art. 31.) 

the above result is obtained. 
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3. Given a, b t and c, the sides of a triangle, find 7, the arc joining the 
middle points of a and b. 
We have 

a b . a, . b ^ 
cos 7 =s cos - cos - -f sin - sin - cos (7 
22 22 

a ft cos c cos ff cos b 

: COS j COS - -f ~ J- (by Art. 26.) 

4 cos -cos- 

(1 + cos a) (1 4 cos ft) -f cos c cos g oos ft 

a * 
4 cos - cos - 

1 -f cos a -f cos b -f cos c 

" ; i 

4 cos - cos - 
2 2 

with similar expressions for the arcs joining the middle points of b and c t 
c and a. 

Note. In the colunar triangle 



1 -f cos c cos a co 
cos y i 



. . a . b 
4 81n 2 8m 2 

4. If , ft, and 7 be the arcs joining the middle points of the sides, prove 

cos a c-os ft cos 7 1 -f cos a + cos b + cos c . 

= . = _ i . sm s - 

a b c a b c 

cos - cos - cos - 4 cos - cos - cos - 

and hence, if one of the arcs be a quadrant, the others are also quadrants. 
(See Ex. 3, and fig. 38, Art. 104.) 

6. If the side c of a spherical triangle he a quadrant, and 8 the arc drawn 
at right angles to it from the opposite vertex, show that 
cot 2 S = cot 2 A + cot 2 . 

(Science and Art Exam. Papers.) 
[Let X be the foot of the perpendicular S on the base AJB ; then 

tan 5 = tan A . sin AX = tan B . cos AX ; 
therefore, &c.j 
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6. Given the vertical angle in position and magnitude, and the ratio of 
the cosines of the hase angles, find the locus of the pole of the base. 

[Let the perpendicular on the base divide the vertical angle into parts 
a and ; then by Art. 26, Ex. 6, 

cos A sin a 

cos J5 sin 

therefore the perpendicular is fixed in direction, and it obviously contains 
the pole of the base ; therefore, &c.] 

7. Prove that in fig. 19, 

2 cot XT cot A Y + cot B Y* 
[For 

sin AY _ sin AX _ sin (AT- XT) f 

sirTZfT ~ sin XB ~ sin (XY - BY] * 
therefore, &c.] 

8. If a, b, c, d be the sides of a spherical quadrilateral taken in order, and 
5 and 8' the diagonals ; the arc < joining the middle points of the diagonals 
is given by the equation 

cos a 4- cos b +*cos c + cos d 

008 ^- ; ? 

4 cos - cos - 

and give the corresponding theorem in piano. (See Art. 36, Ex. 14.) 

[The sum of the squares of the sides of a quadrilateral = the sum of the 
squares of its diagonals + four times the square of the line joining the 
middle points of the diagonals. (See M'DowelPs Oeom. Exercises.) 

9. The arc <J>' joining the middle points of the opposite sides b and d of a 
quadrilateral is given by the equation 

cos a -f cos c -f cos 8 + cos 5' 



cos <f>' = - 



ft d 
4 cos ^ cos - 



* An are A3, divided internally in X and externally in F, such that 
sin AY : sin B Y : : sin AX : sin XB, is said to be cut harmonically by the 
segment XY\ and the cotangents of either triad of arcs, viz. AY, XT, BY, 
or AX, AS, AY, measured from either extremity, are therefore in arithme- 
tical progression. 
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with a similar expression for the arc joining the midUle points of a and b. 
(See Ex. 8.) 

10. If the arcs joining the middle points of opposite sides of a quadrilateral 
be each quadrants, the arc $> joining the middle points of the diagonals 5 
and 5* is given by the equation 

cos $ + cos 5' 
-cos*- -. 

2 cos- cos - 

11. Prove that the angle $ between the perpendicular from the vertex on 
the base and the bisector of the vertical angle is thus given ; 

cos I (a - b) A- B* 

~ ~~ 



(Dub. Univ. Exam. Papers.) 

[For 

(G \ 

. sin { \~ <f> 1 
cos A \ 2 / t 

cos 5 = ~ 



therefore, taking the difference to sum, 

A+B A-B C 

tan - tan - = cot ~ tan 4>. 
2 2 & 

Now substitute the value of tan - in Art, 33, Ex. 9 ; therefore, &c.J 

12. Given the base of a triangle and the bisectors of the vertical angle, 
construct it. 
[Using the notation, fig. 19, 

cos XT =* cos i cos y ; 
also 

cot^LST-f cot^r- 2 cotAB, (K*. 7.) 

two equations which determine the points X and J j 
* Tan 4> is also equal to 
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13. Given the base AJB and the sum of the sides of a triangle, find the 
locus of a point 0, whore the external bisector of the vertical angle meets 
the secondary to BC&t the point B. (Cf. Galbraith and Haughton's Euclid, 
I. II. III., Ex. 200.) 




Fig. 22. 

[Produce AC (fig. 22) through C to D, such that CD - BC. Therefore 
AD = given sum of the sides. 

Since CO bisects the angle BCD, it bisects BD at right angles. 
Since BD is bisected at right angles, BO - OD, and the triangles CDO 
and GBO are equal in every respect ; hence the angle GDO is a right angle. 
Therefore 

,,, cos AO _ cos AO 
COS ~ coa OD = coa BO* 

In the triangle ABO we have thus given the base AB and ratio of the 
cosines of the sides, to find the locus of the vertex, for a solution of which 
see Art. 42, Ex. 2.] 

14. Given the base AB and difference of sides, find the locus of the point 
0, where the secondary to B G at the point B meets the internal bisector of 
the vertical angle. (See Ex. 13.) 

16. Two places on the Earth's surface are distant, one 6 from the Pole 
the other from the Equator, and their difference of longitude is <f> ; find 
the angular distance between them. (Science and Art Exam. Papers.} 

COB 8 = sin 20 cos 2 ~ . 
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16. In an isosceles triangle, if each of the base angles be double the 

vertical angle, prove that 

a I a\ 

cos a cos - = cos I e + - j . 

(Lond. Univ. Exam. Papers.) 
[If x denote one of the equal bisectors of the sides, we have 



, . i* 

cos x = cos a cos - + sin a sin - cos A, 
2 2 



and 



cos x - cos e cos - + sin o sin - (2 cos 2 A 1 . 



M2 cos 2 A 1 J , 



where A is the vertical angle. 

Again, 

sin a . 

- = 2 cos A. 
sin c 

eliminating cos A ; therefore, &c.] 

17. If a side c of a spherical triangle be a quadrant, show that 

(o) . cot a cot b + cos = 0. 

(#). cos #cos (S - O) + cos (S - A) cos (8 - 2?) = 0. 

(Science and Art Exam. Papers.} 
(See Art. 26.) Also 

tan | 1 ; 
therefore, &c., Art. 36. 

18. If A., /it, and v be the segments towards the angles of the internal 
bisectors of the angles of a triangle ABC from the point of concurrence, 
show that 

COS A COS fJ. COS V 

sin a sin. b sin c 
cos a cos b cos e 



= 0. 

cos a cos A cos e 
[We have 



(1). COB A. as cos # cos v + sin * sin K cos - . 
(2). cos /u = cos cos r + sin a sin y cos . 



rr 

Eliminate cos ~ . Therefore, 



cos A sin a - cos /i sin * = cos v sin (a - 
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Similarly, 

cos /A sin b cos v sin c = cos A. sin (b <?). 
and 

cos v sin c cos \ sin a cos /u sin (e ) ; 

whence, on adding, 

2 cos A sin (b e) 9 

or its equivalent determinant form, given above, is equal to zero.J 

19. If A, /*, and v be the segments towards the angles of two external 
bisectors (of angles B and #), and one internal bisector of the angles of a 
triangle from the point of concurrence, show that 

- COS A COS fJL COS V 

sin a sin b sin e = 0. 
cos a cos b cos <? 

20. Using the notation of Example 18, prove that 

A 

2* sin A sin (b - c) cos a 0. 
< 

[Multiplying Ex. 18, (1) by COB a, and (2) by cos i, and subtracting, 
we get g 

cos a cos A - cos cos /i -f sin (a - i) sin v cos - = 0, 

which, added to similar equations, involving b and c, and c and a, gives the 
required result.] 

21. Using the notation of Ex. 19, show that 





A 

Bm \ cos 

gin a 


. 

sin ^ sin 
2 
sin b 




sin v cos 

sin c 


= 0. 




cos a 


coab 


cose 





f The equivalent determinant form is 

A . J5 . 

sin A cos ~- sin ^ cos- sin v cos ~ 
222 

sin a sin b sin 

cos a cos b cos e 



Miscellaneous Examples. 



79 



22. If 0, f , and ty denote the arcs connecting the middle points of pairs 
of opposite sides and diagonals of a quadrilateral, viz. a and , e and d, and 
8 and 5' respectively, prove that 

* * * 2 5' , .. 

COB cos - COR - + cos <f> cos - cos - - cos ^ cos - cos = $ (cos o + cos y ). 
Z 1 2i & 2 ii 

(See Exs. 8 and 9.) 

23. A, By and # are three concyclio points on a sphere ; X, T, and Z are 
three other points ; show that the relation 

cos AX cos A T cos AZ 
cos BX cos SY cos Z 
cos CX cos CT cos 
[By aid of Art. 40 we can eliminate sin BC, sin OA, and sin AS, from three 
given equations ; therefore, &c.] 

24. If the sides of a quadrilateral taken in order are , b, <?, d, show that 
the diagonals 8 and 5' intersect at an angle 0, given by the equation 

cos a cos c - cos b cos rf 



COS0 = 



sin 5 sin 5' 




d 

Fig. 23. 

f For, representing the segments of the diagonals by x, 8 - x, and x', 8'- x\ 
respectively, we have 

cos a ns cos #' cos (8 - a?) + sin x' sin (8 - x} cos 6. (I) 

cos c SB cos x cos (8' of) + sin # sin (8' a/) cos 6. (2) 

cos i SB cos (8 - x) cos (tf a/) sin (8 - #) sin (8* ~ x f ) cos 0. (3) 
^ cos rf = cos a? cos x r sin # sin x f cos 0. (4) 

By subtracting the product of equations (3) and (4) from the product of (I) 
and (2), the above expression for is obtained.] 
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2/5. By a method similar to that used in Ex. 24, show that if <f> and ^ are 
the angles between a and c, I and d, respectively, 

cos c cos a cos 5 cos C 

cos vj> = . . . (a) 

Y sm b sin rf N ' 

cos # cos < - cos 8 cos 5' 

COS = : : . (b) 

T sm c sin a x ' 



26. An arc 5 drawn from the vertex of a triangle to meet the base at an 
angle 8 may be expressed by the equation 

cos a cos y - cos b cos x 

Bin 5 = : , 

sin c cos & 

where x and y are the segments of the base adjacent to the sides a and b 
respectively. 

[In the figure of Ex. 24 suppose three vertices of the quadrilateral to be 
concyclic.] 

27. In any triangle, prove that 

tan- : tan- : tan | COB (S - A) : cos (S - J?) : cos (S - 0). 

(See Art. 36 (11.) 

28. Prove the following expression* for cos S : 

sin | a sin \ b sin G 



Also 



2 cos \a cos f cos |<?" 
(Apply Art. 36, (9) and (10).) 



* The equation for calculating the sum of the angles, having given two 
sides and the included angle, or, by the aid of Art. 30, the three sides of a 
spherical triangle, will be afterwards proved as CagnolV* Theorem. (Art. 103.) 
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29. Prove that 

1 4 cos a cos b cos e 

M*-^>- ,.*.' 

4 cos -sin- sm- 

and similar expressions for sin ($ J?) and sin (S C). 

[For 



sm (S- A) sin - cos cos - sm - ; 

22 22 

therefore, &c., hy the aid of note on Ex. 8, Art. 33. 

Or thus : 

Take the colunar triangle, whose angles are IT J5, v - (7, -4, and sides 
IT- b, TT-C, a (Art. 16). Let 

2' = ir- B + v - C + A = 27T- (B + C- A) ; 
hence 

and the formula adapted to the colunar triangle becomes 

. n , I -f cos a + cos b -f cos c 

sin S B 

b c 
4 cos -cos -cos-; 

therefore, &c.] (Cf. Ex, 4.) 

30. Prove that 

1 -f cos J5 4- cos (7- cos ^( 

008 (,-) = 3 g ^ 

' 2 C S 2 8m 2 

31. Prove that 

cos -cos I 



32. Prove that 

. b . e b c 

sm - sm - 4- cos - cos - cos A 
lf ..*. 22 22 

sin (S - A) = ' 



(See Ex. 29.) 
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[It is evident that the numerator of the fraction is equal to the cosine 
of the arc joining the middle points of the sides w b, w 0, of the colunar 
triangle ; therefore, &c. (Art. 26, and Ex. 4.)] 



83. In any triangle, 



cos a cos b sin (A 

, _i_ > 

1 cos c sin G 



(See Art. 36, Ex. 3.) 



34. Given the formula, Art. 36, for tan- prove that 

a b 
cot - cot - + cos 0. 



sin G 
36. Show that 

cot - cos (S - A] = cot - cos (S- E) ~ cot - cos (S- C) 
2 22 

a b c M 

s= - COt - COt - COt - COS S = - 



_, __ uut _ uul( _ uus w = : - : - : -. - 
2 2 2 2 sm J a sm J * sin J- c 

and hence 

^ 

2 cos 2 (S - A] = cos'' /S2 cot 2 - cot 2 ~. 
2i 

36. If 

tan ~ tan - = tan |, 

show that 

cos (^~ ^4) cos (S-J3] = cos 2 (5- (7). 

37. If a spherical triangle is equal and similar to its polar triangle, 

sec = sec b sec c + tan b tan 0. 

Give a particular example of such a triangle. 

(Science and Art Exam. Papers.) 

38. Prove that hy a closer approximation, employing tLe notation used in 
Legendre's Theorem (Ail. 29), 

cos A = coo A' fo 8 ^' | W 2 -3^-3 y 2)sin^ 
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39. Deduce the following formula f or a + b in terms of the opposite angles 
A and -B, and the base c : 

a + 1) o A B 1 A B 

- = - + tan tan sin c -f - tan 2 - tan 2 sin 2c 

1 A B 

f - tan 3 - tan 3 sin 3c + . . . 

6 2 L 

(Bishop Law's Prize Exam., Trin. Coll., Dub.) 

For tan: 

cos _ _ 

(Art. 33, Ex. 9.) 

being of the form tan - -~ = n tan -, can be expanded in series for - . 

22 2 _J 

(See Todhunter's Plane Trig., Art. 299.) 

40. From any three points on a sphere are drawn to each of three points 
on a great circle arcs, a\, bi t c\ ; 2 , # 2 , 2 ; #3, #3, 3 ', making angles with 
the great circle, respectively, A\, A%, A$, etc. . . . ; prove the determinant 
relation 

sin a\ cos A\ sin a* cos AI sin s cos A% 
sin b\ cos B\ sin b% cos B% sin ^3 cos B% 
sin <?i cos G\ sin c<i cos C% sin <?3 cos Cs 

41. If a and b are the sides, and c the base of a triangle, prove that if 8 
be the angle which , the bisector of the base, makes with the base, 

A . A , ,. tan*|<'-2tanH<'tan 2 ^j8co82a+tan 4 l/3 
tan 2 Ja tan 2 JJ = - -~ ^- 3 



(Dublin Univ. Exam. Papers.) 

[Find tan 2 J a, and tan 2 %b, and multiply the results. See Ex. 3, Paper xn]. 
42. Find the locus of the vertex, having given the base and 

(1) Ratio of cotangents of the base angles. 

(2) Sum or difference of cotangents. 

(3) I cot A + m cot B. (Of. Art. 39, Ex. 10.) 

(Educational Times, April, 1885.) 



CHAPTER IV. 

BIGHT-ANGLED TRIANGLES. 

SECTION I. 

44. Creometrical Deduction of Formula* con- 
necting the Parts of a Right-angled Triangle. 

The formulae necessary for the solution of right-angled 
triangles have been deduced in Chapter III. as particular 
cases of the general formula 

cos a = cos b cos c + sin b sin c cos A . 

We, however, add the following geometrical method of 
obtaining them, as it is both simple and instructive : 
Let ABC (fig. 24) be a triangle right-angled at (7, and 
let be the centre of the sphere on which it is described. 
Since C is a right angle, the planes OCA and OCB are 
perpendicular to each other (Art. 6). Take R any point 
on the radius OC 9 and draw RP perpendicular to 00, and 
RQ perpendicular to OB. Join PQ. Since the planes 
CO A and CO B are at right angles, the angle PRQ is 
right, and, as in Art. 32, the angle OQP is also right. 
Hence we have 

OQ = OQ OR t 

OP OR' OP' 



Geometrical Deduction of Formula. 

that is, cos c = cos a cos b. 

QR^QR QP. 
Q0~ QP'Q() ; 

that is, tan a = cos J? tan <?. 

Similarly, tan b = cos A tan c. 



that is, 
Similarly, 

that is, 
Similarly, 



PR PR PQ 

W) " PQ ' P r O ' 

sin b = sin B sin ?. 

sin a = sin yl sin c. 

IIP IIP RQ t 
MO ^ RQ'RO* 

tan b tan J5 sin a. 
tan a tan -4 sin ^>. 



85 
(1) 



(2) 




(3) 



(4) 



Again, from R draw ,#P' perpendicular to OA, and 
draw HQ' perpendicular to 0(7, in the plane COB, and 
meeting OB in Q'. Then it is clear, from the construc- 
ti< n, that the plane of the triangle P'Q'R is perpendicular 
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to the line OA, just as the plane of the triangle PQR is 
perpendicular to OB\ and therefore, as in Art. 32, OP'Q' 
is a right angle, RP'Q! = ^ ; and we have 

. RP' RQ RP' RQ 



RP' 
But -r T ~ - sin RPP'~ cos JSOP = cos 6, 



and -^TC, = sin P Q' Q = cos ROQ' =* cos ; 

itQ 

therefore cot yl cot .5 = cos cos^> = cose. (5) 

-ft-P Q^ ^^ ^P OP 



= i = = 

cos i " QP : RP ~ "RP'' QP " OR' RP f * OP' QP 

sin a sin b sin a 

_ _ . _. - _ 

sin o sin c sin c 
therefore, cos B = sin A cos #. 

Similarly, cos A = sin B cos 0. 

45. \ a pier's Rules of Circular Iarts. The for- 
mulae of the foregoing Article enable us, being given any 
two parts other than the right angle, to determine all the 
remaining parts of the triangle. They are learned by 
most students separately and in general terms. Napier, 
however, has given two rules, called after him, which em- 
brace them all, and which are found by some to be useful 
aids to the memory ; their utility, however, is much ques- 
tioned by others. We give them here without any inves- 
tigation, considering it sufficient to merely state them. 
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The Student may test them by deducing all the preceding 
formulae from them, and, if anxious for further informa- 
tion regarding them, Napier's Mirifici Logarithmorum, 
Canonis Descriptio, or Todhunter's Spherical Trigonometry, 
may be consulted. 

Omitting the right angle, the two sides which include 
it and the complements of the remaining parts are termed 
the Circular Parts of the triangle. Thus the five circular 
parts are a, 6, J TT -4, J TT c, ^w B. The student may 
remark that the order in which the circular parts are here 
written is that in which they naturally occur in the tri- 
angle. 

Divide a circle (fig. 25) into five sectors, and on each 
sector write one of the circular parts, taking care to write 
them round the circle in the order they are written above ; 
that is, in the order in which they occur in the triangle. 




Fig. 25. 

Any one of the parts being selected and called the 
middle part, the two parts contiguous to it are called 
the adjacent parts, and the remaining two are called the 
opposite parts. Thus, for example, if ^ w - c be selected 



88 Right-angled Triangles. 

for middle part, then \ir-A and \ ?r - B will be the 
adjacent parts, and a and b will be the opposite parts. 

This being premised, Napier's Rules are the follow- 
ing: 

I. Sine (middle part) = product of tangents of adjacent 
parts. 

II. Sine (middle part) = product of cosines of opposite 
parts. 

45 (a). Further Fundamental Relations. In 

addition to the foregoing formulas the following results, 
analogous to those of Euo. VI., vin., are of importance in 
the theory of right-angled triangles. Let a perpendicular 
be drawn to the hypotenuse of a right-angled triangle, 
from the opposite vertex, then the segments of the 
hypotenuse are connected with the sides, and the per- 
pendicular by the relations. 

(1) The tangent of either side is a geometric mean between 
the tangent of the adjacent segment and the tangent of the 
hypotenuse. 

(2) The sine of the perpendicular is a geometric mean 
between the tangents of the segments of the hypotenuse. 

For if p be the perpendicular, and j3 the segments of 
the hypotenuse adjacent to the sides a and b, we have, by 
Art. 44 (2), 

^ tan a tan a 

cos B = . . 

tan c tan a 
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Therefore, tan 2 a = tan a tan e. 

Similarly, tan 2 b = tan /3 tan c. 

Again, by Art. 44 (4), 

A 

tail a = sin p tan pa, 

A 
and tan j3 = sin p tan pb. 

But pa, the angle between p and a, is the complement 
of pb. Therefore, by multiplication, we obtain 

tan a tan (3 = sin 2 /?. 

45 (b). ffcuadraiital Triangles. When one side of 
a triangle is a quadrant it is termed a Quadrantal Triangle. 
The polar reciprocal of such a triangle is obviously right- 
angled, and the solution of the quadrantal is thus reduced 
at once to that of the right-angled triangle. Hence, the 
parts of a quadrantal triangle are connected by the follow- 
ing formulae, supplemental to those of Art. 44 : 

(1) cos G = - cos A cos B, 

(2) tan A = - cos b tan <7, 

(3) sin A = sin a sin C, 

(4) tan A = tan a sin B, 

(5) cos = - cot a cot b, 

(6) cos a = cos A sin b. 
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Examples. 

1. Show that formula (1), Art. 44, reduces to Euc. I. XLYII. when the 
radius of the sphere is infinitely great. 

[This appears at once on substituting the formula of Art. 18, and re- 
ducing.] 

2. Show that formula (5) reduces to an identity in piano. Similarly, 
also formula (6) reduces to an identity. 

3. Formulae (2), (3), and (4) reduce to the ordinary expressions for the 
eosine, sine, and tangent of a plane angle respectively. 

4. If e be less than 90, show that a and b are of like affection.* 

[In this case cos c is positive ; and hence cos a and cos b must have like 
signs, as appears from formula (1).] 

6. If c be greater than 90, a and b are of opposite affection. 

6. The sides of a right-angled triangle must be each less than a quadrant, 
or two of them must be each greater than a quadrant. 

[This follows on combining Examples 4 and 5.] 

7. Show that a side and the hypotenuse of a right-angled triangle are of 
the same or opposite affection, according as the included angle is less than, 
or greater than, a right angle. 

[Apply formula (2), Art. 44.] 

8. The sides of a right-angled triangle are of the same affection as tho 
opposite angles. 

[By formula (6), cos a = . ; and therefore cos a is positive or nega- 
tive, according as cos A is positive or negative.] 

9. If one of the sides of a right-angled triangle be equal to the opposite 
angle, the remaining parts are each equal to 90. 

[See Art. 36, Ex. 9.] 

10. If the angle A of a right-angled triangle be acute, show that the 
difference of the sides which contain it is less than 90. 

[The opposite side (a) is less than 90, but it is greater than the difference 
between the other two ; therefore c b < 90.] 

* Two angles are said to be of the same affection when they are each less 
than, or each greater than, a right angle. 
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SECTION II. 
Solution of Right-angled Triangles Numerical Examples. 

46. Solution of Triangles. It has been already 
stated that every spherical triangle has six parts namely, 
the three angles and the three sides, and that when any 
three of the parts are given, the remaining three can be 
determined. 

The process by which the remaining three are deter- 
mined is called the solution of the triangle. 

In the practical solution of triangles the numerical cal- 
culations are performed by aid of a table of logarithms. 
Hence, if we have at our disposal two or more formulae, 
from which any required part can be determined in terms 
of other known parts, we should use that formula which 
is most readily adapted to logarithmic computation. If 
it should happen that a required part can only be ob- 
tained from a formula not adapted to logarithmic compu- 
tation, it can be found by throwing the formula into 
logarithmic form by the use of a subsidiary angle. Any 
notice of this process is postponed, however, for the pre- 
sent. (See Art. 76.) 

We now proceed to the solution of all the cases which 
can be presented. They are six in number, and, as before 
remarked, we require to know only two parts, the right 
angle forming a constant known part. 

Memark.-^-In determining any of the parts, the use 
of the parts previously determined should be carefully 
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avoided, lest they should be erroneous. Each part should 
be determined from the given parts alone. 

It is always well to test the accuracy of the results by 
using the parts obtained to determine one of the given 
parts. 

47. CASE I. Having given the two sides a and b 9 to 
determine A, B, and c, we have 

For A, COt A = COt a sin b. [Formula (4), Art, 44.] 

For B, cot B = cot b sin a. ... t 

For c, cos c = cos a cos b. (i), 

In this case the solution is unique, as there is mani- 
festly no ambiguity, none of the parts being determined 
from their sines. 

Examples. 

1. Given a - 54 16' and b = 33 12'. 

For A, 10 -f L cot A = L cot (54 16') -f L sin (33 12') ; 

therefore L cot A = 9-5954382, 

and A = 68 29' 53' . 

For J?, 10 + L cot B = L cot (33 12') + L sin (54 16') ; 

therefore L cot = 10-0935879, 

and B 38 52' 26". 

For e, 10 -I- X cos c i cos o + X cos * ; 

therefore Z cos c = 9-6890261, 

and o = 60 44' 46" t 
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2. Given a = 65 18' and b = 39 27'. 

X cot A = 9-6434280 ; .-. ^ = 66 U' 6". 
i cot = 9-9996157 ; .% .5 = 45 1' 31". 
X cos <? = 9-6430438 ; .-. c 63 56' 21". 

3, Given a = 66 20' and b 78 40'. 

X cot ^4 = 9-8149722; .-. ^4 = 56 51' 7". 
Z cot J? = 9-2222192; .-. = 80 31' 48". 
Zcosc =9-0371914; .-. o = 83" 44' 44". 

48. CASE II. Having given the two angles A and Jf?, 
to determine a, b, and c, we have 

For a, COS A = COS r? sin j5. [Formula (6), Art. 44.] 

For 5, cos J5 = cos b sin -4. 

For c, cos c = cot A cot B. (5), 

In this case, as in Case L, there is no ambiguity. 

Examples. 

1. Given A - 74 15' and JB = 32 10'. 

For , L cos a = 10 -f L cos (74 15') - L sin (32 10') 

= 9-7074497; 

therefore = 69 20' 44". 

For , Z cos b ** 10 + i cos (32 10') - L sin (74 16') 

= 9-9442480; 

therefore b = 28 24' 54". 

For <?, ?.0 * i cos c = X cot A + X cot 5. 

L cos 0=9-6516976; 
therefore o = 63 21' 24|" . 
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2. Given A 52 26' and B = 49 15'. 

L cos a t. 9-9056850; .-. <* 36 24' 34-5" t 
L cos = 9*9166750 ; .*. b = 34 33' 40". 
L cos o= 9-8213599; .-. <? = 48 29' 20". 

3. Given A = 64 16' and B 48 24'. 

X cos a = 9-7641507 ; .'. a = 54 28' 53". 
L cos 6 = 9-8675405 ; .-. J = 42 30' 47". 
L cos c 9-6316912 ; .*.<? = 64 38' 38". 

49. CASE III. Having given the hypotenuse c and a side a, 
to determine A, B, and b, we have 

For A, sin ^4 = sin a 4- sin 0. [Formula (3), Art. 44.] 
For B, cos B = tan a -f tan c. (2), 

For b 9 cos b = cos -f cos a. (i), 

In this case there is an apparent ambiguity in the value 
of A, but this is removed by the consideration that A and 
a are always of the same affection. (See Ex. 8, Art. 4.5). 

Examples. 

1. Given c - 72 30' and a = 45 15'. 

For A, L sin A = 10 -f L sin (45 16') - L sin (72 30') 

= 9-8719522; 
therefore A = 48 7' 44-5". 

For B, L cos B = L tan (45 15') - L tan (72 30') 4- 10 

= 9-5025123; 

therefore B - 71 27' 15". 

For b, Icosb^L cos (72 30') - L cos (45 16') + 10 

= 9-6305601 ; 
therefore b = 64 42' 62". 
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2. Given 76 42' and a 47 18'. 

Z sin ^t = 9-8780442; .-. ^ = 49 2' 24-5". 
X cos i? = 9-4086340 ; .'. J? = 76 9' 24-75". 
Zcosfl =9-5304897; .-. * - 70 10' 13". 

3. Given e = 91 18' and a = 72 27'. 

Zsin^ =9-9794116; .-. A = 72" 29' 48". 

L cos sup. of B = 8-8558531 ; .-. B = 94 6' 53-3". 
X cos sup. of b = 8-8764415; .-. b <= 94 18' 53-8". 

50. CASE IV. Having given the hypotenuse c and an 
angle A, to determine a 9 b, and J5, we have 

For a, sin a = sin A sin c. [Formula (3), Art. 44.] 
For b 9 tan b = cos ^4. tan c. (2), 

ForJ5, cot B - tan A cos c. (5), >, 

The apparent ambiguity in the value of a is removed, 
as in CASE III., by the consideration that a and A are of 
the same affection. 

Examples. 

1. Given c = 84 20' and A = 35 25'. 

For a, L sin a = sin (35 25') -f Z sin (84 20') - 10 

= 9-7609396 ; 
therefore a = 35 13' 4". 

For b, L tan b = cos (35 25') + Z tan (84 20') - 10 

10-9145116; 
therefore * = 83 3' 29". 

For f Zcot~L tan (35 25') -f L cos (84 20') - 10 

= 8-8464279 ; 
therefore <#*= 8569' 1". 
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2. Given c = 67 54' and A 43 28'. 

Zsinfl = 9*8044046; .-. = 39 35' 51". 
L tan b = 10-2522138 ; .-. = 60 46' 25$". 
LcoiB^ 9-5521908; .-. JS=7022 2i". 

3. Given c = 22 1 18' 30" and A = 47 39' 36". 

Xsina= 9-4480545; .*. a = 16 17' 41". 
Ztan = 9-4414574; .-. 3 = 15 26' 53". 
i cot B = 10-0065973 ; .-. JB = 44 33' 53-4". 

51. CASE V. Having given a side a and the adjacent 
angle B, to determine A, b, and c, we have 

For A 9 COS A = COS a sin $. [Formula (6), Art. 44.] 

For 6, tan b = tan .# sin a. (4), 

For c, cot c = cot a cos J5. (<0, 

In this case there is evidently no ambiguity. 



1. Given 



Examples, 
i = 31 20' 45" and = 55 30' 30". 



For A, LcosA^L cos (31 20' 45") + L sin (55 30' 30") - 10 

= 9-8475168; 
therefore A = 45 15' 30-6". 

For b, L tan b = L tan (55 30' 30" -f Z sin (31 20' 45") - 10 

9-8791734; 
therefore b = 37 7' 50". 

For e, I cot c = L cot (31 20' 45") + L cos (55 30' 30") - 10 

= 9-9683434; 
therefore = 47 6' 11". 
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2. Given a * 82 6' and B = 4*3 28'. 

icos^t = 8-9756733; .-. A = 84 34' 28". 

L tan b = 9-9726026 ; .-. b = 43 11' 38". 

L cot c = 9-0030707 ; .'. c = 84 14' 57". 
8. Given a = 42 30' 30" and = 63 10' 30", 

I cos A = 9-7709180 ; .'. A == 63 50 12". 

Z tan 5 = 9-9554001 ;.-. = 42 3' 47". 

X cote -9-8155179; .-. = 56 49' 8". 

52. CASE "VI. Having given a side a and the opposite 
angle A, to determine b, c, and B, we have 

For b, sin b = tan a COt A. [Formula (4), Art. 44.] 

For c, sin c sin -f sin ^4. w (3), 
For By sin J5 cos A + cos a. (6), 

In this case an ambiguity arises as the parts are deter- 
mined from their sines, and two values for each are in 
general admissible. However, for each value of b there 
will, in general, be only one value for c, since c and b are 
connected by the relation cos c = cos a cos b ; and at the 
same time only one admissible value for B, since cos c 
= cot A cot B. Hence there will in general be only tivo 
triangles having the given parts, except when the side a 
is a quadrant and the angle A - 90, in which case the 
solution becomes indeterminate. 

When a = A, the formulae, and also the figure, show 
that b 9 c, and B are right angles, and the solution is there- 
fore unique. 
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It is easily seen that a is less than A when both are 
acute (they must be of the same affection), and greater 
than A when both are obtuse ; and when the data do not 
satisfy these conditions the solution is impossible. 

It appears at once from the figure that there are in 
general two solutions, for the colunar triangle A'B C has 
also the given parts A' and a, and therefore satisfies the 
given conditions. 

Examples, 
1. Given a = 46" 45' and A = 69 12'. 

For b, L*mb = L tan (46 45') + L cot (59 12') - 10 

= 9-8018795; 

therefore b = 39 19' 23J", or 140 40' 36". 

For c, L sin c = X sin a L sin A + 10 

= 9-9283797; 

therefore c 57 69' 29", or 122 0' 31". 

For Jf, L sin E = L cos A L cos a 4- 10 

= 9-8734997; 



= 48 21' 28", or 131 38' 32". 
a = 21 39' and A = 42 10' 10". 



therefore 

2. Given 

L sin b = 9-6417030 ;.-.& 25 69' 27'8", or 154 0' 32'2". 
L sin o* 9-7400177; .'. e = 33 20' 13-4", or 146 39' 46'6". 
L sin^= 9-9016863 ; .-. 7? 52 23' 2-8", or 127 36' 67-2". 

3. Given a 26 18' 45" and ^4 = 15 68' 16". 

[Ans. Impossible by Art. 62.] 
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SECTION III. 
Theorems. 

53. In this section we propose to investigate some 
theorems which apply to spherical triangles in general, 
but which are immediately deducible from a knowledge 
of the properties of right-angled triangles. 

54, Theorem. The arcs drawn from the vertices of a 
spherical triangle perpendicular to the opposite sides are con- 
current. 

Let AP, BQ. (fig. 26), be arcs drawn from A, B, por- 

C 




pendicular to BO and CA 9 respectively, and let be their 
point of intersection. 

1ST sin OQ _ sin OAQ sec B . 

9 sin OR " sin OAR " sec c' 9 

[Formula (6), Art. 44.] 

and it is obvious that the sines of the perpendiculars 
from any other point of AP on the sides b and c bear 
the same ratio to each other. 
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. ., , sin OP sec A 

Similarly, . np = ~; 

sm 0-K sec (7 

and hence, on dividing this equation by the former, we 
get 

sin OP sec A 

suTflQ " seel?' 

and therefore the arc joining O to is perpendicular to 
the side AB. Thus the perpendiculars meet in a point ; 
and if a, /3, 7 he the lengths intercepted on them between 
their point of concurrence and the sides a, b, and c, respec- 
tively, we have 

sin a : sin j3 : sin 7 = sec A : sec B : sec 0. 

In the same manner, it may be shown that the arcs join- 
ing the vertices to the middle points of the opposite sides 
are concurrent; and if a', )3', y' be the perpendiculars from 
their point of concurrence on the sides a, b 9 c 9 we have 

sin a : sin /3' : sin y' = cosec A : cosec B : coseo O. 

Similarly for the point of intersection of perpendiculars 
at middle points of sides 

sin a" : sin $" : sin y" = sin (8 -A): sin (S- B} : sin (S- C.) 

55. If from three points A, 1$, C on a great circle perpen- 
diculars AA' 9 BB / , CO' be dratvn to another great circle 

(1) sin BC sin AA' + sin CA sin BB' -f sin A B sin CO' - 0, 

(2) sin B'C't&nAA'+ sin C'Jt'tan BB*+ sin^'^tan CC'~ 0, 

(3) sin BO cot A -f sin CA cot B -f sin AB cot O - 0, 

(4) sin &C' cos^ -f sin CfA 1 cos j& + sin AW GOB O - 0, 



Theorems. 



101 



where A, B, are the angles the perpendiculars AA\ 
BB f , C(f make with the great circle ABO. 

To prove (1) 

sin AA' sin Bff sin Off . _ _ nivx 

~ 77T = - r iTn - - 777i = 8m # (% 27 ) ( 

sm ^tZ) sin $!> sm 6 f i> x & ; ^ J 

But since Jt, B y C are concyclic (Art. 12, Ex. 15), 
sin J5G 7 sin AD + sin (L4 sin BD + sin yii? sin (7D - 
JP 




Fig. 27. 

Substituting in this expression the values of sin AD, sin 
BD, and sin CD, obtained from the equations (a), we 
obtain (1). [Cf. Art. 40.] 



To prove (2) 

tan A A' 



sn -4 
But, as before, 

sin .ZTC'sin AD + sin (T^'sin 



tan BB f __ tan C(7 
sin B'D sin 



= tan D. 
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Substituting in this expression the values of sin A'D, sin 
IfD, and siu G''D, obtained from the equations (|3), we 
obtain (2). 



To prove (3) 

cos AD _ cos BD cos CD 
cot A cot J5 cot C 
But 



= cotD. 



sin $(7 cos AD + sin (L! cos BD + sin JJ? cos (7D = ; 
therefore, &c. [See Chap. III., Misc. Ex. 42.] 

To prove (4) 

cos A cos B cos C . 



cos C'D 

[Formula (6), Art. 44.] 

But 
sin &' cos A'D + sin C'A' cos B'D -f sin ^4'J^ cos C'D = ; 

therefore, &c. 

By observing that A A', J5J^, and CO' meet at P, the 
pole of A'ffC\ we are enabled to write down the fol- 
lowing corollaries : 

Cor. 1. If B be a point on the base AC of a triangle 
APC, we have 

sin BC cos AP + sin CA cos P + sin AB cos OP = 0. 

[Of. Art. 40.] 

Cor. 2. 
cotAP sin BPC f cot BP sin (7P-4 + cot OP sin ^PP 0. 

[Of. Art. 39, Ex. 10.] 
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Cor. 3. 



cos A sin BPC + cos B sin CPA + cos <7 sin -4P.# - 0. 

[Of. Art. 35, Ex. 5.] 

NOTE. It may be noticed that (1) and (4) are supplemental theorems, aa 
are also (2) and (3). When an arc is drawn from the vertical angle of a 
triangle to meet the base, (1) connects it with the segments of the hase; 
(2) connects it with the segments of the vertical angle; (3) connects the 
angle it makes with the hase with the segments of the base ; and (4) connects 
the angle it makes with the hase with the segments of the vertical angle, 
the parts of the triangle being supposed known. 

56. Cteonietrical Deduction of the Analogies of 
Napier and 0elambre. Construction. On the base 
AB of the triangle ABC (fig. 28) construct an isosceles 
triangle AOB, having each base angle - J (A + B). From 
its vertex draw OX, OF, OZ perpendiculars to the 
sides a, b, and c of the given triangle. Join 00. 

Now the triangles BOX and A OY are equal in all 
respects ; for the side BO and angle X are equal to the 
side AO and the angle F, respectively; and the angle 
OBX = B - i (A + B) = J (B - A) = angle OA T. There- 
fore the triangles are equal in all respects, and as a conse- 
quence the triangles COX and CO T are equal in "^ 
respects. 

Hence, A7~BX-i(a + b) 9 ^ \ 

P-' 

and CJ 



But since the angles AOY and BOX are equal, it follows 
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that the angles .407? and XOY are equal, and hence their 
halves AOZ&nd COY are equal. 




Fig. 28. 

Firstly Napier* * Analogies* : 

1. Comparing the triangles AOY&nd. CO F, we have 
cos AO _ cos AY 

COS CO COS G Y F' [Art. 44, (1).] 

and comparing the triangles, AOZ and COY, we have, 
also, 



cos 



cot 



since 



"" ^refore, 



tan OAZ cos 
tanOCF 



*This meth ' of obtaining Napier's Analogies is suggested by, and 
strictly analogou^ o, the geometrical method of arriving at the formula 

5; , - = ; in Plane Trigonometry. The same principle is used 

tan J (-4+^) a + b y y * * 

in the Encyc. rit. t Article, " Trigonometry.'* 
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COS rt + 

2. tan OT - tan 0^1 F sin ,4 F = tan O<7F sin CF 

[Art. 44 (4).] 

Hence, 



sm i (0. f 6) 
^Z tanJF 



A 

3 - tan A ~ 

Hence 

, , cos | (^4 - #) 

tan i (0 f b) = - ff- - T~ tan |c. 
7 cos | (^L + J3] 

4. Since COY= AOZ, we have [Art. 44 (4).] 

tan OF 



_ 

sin OF" sin OZ* 

Therefore, 

. nv sin OF, .,_ sin-. 

tan (7F = -.- -= tan JZ= - ~- r> tan 

sm OZ sm 

or 



, . ,. gin i(^[~ J5) A , 
tan | ( - 6) = -^ , - 7- tan Jc. 

7 sin | (^-1 -f 7>) 

Secondly Delambre's* Analogies. 

t cos 0^4# cos OZ . 



. 
cos AZ 



[A n. 44 (I,.] 



* Delambre's Analogies are commonly called Gauss's Formulae. (ISeefoot 
note, Art. 33.) 

These results may likewise be arrived at by taking on the other side of 
the base as the vertex of an isosceles triangle AOJB, whose base angles are 
each JIT - J M + B). Cf. Art. 19 (12). 
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Therefore 

B) cos ^c - cos \(a + b) sin \O. 



cos 0.4 F _ si [Art ^ } } 

cos OOF sin COT 



[Art. 44 (3).] 



m = 

sin ^tO^ sin AZ 
Therefore 

cos | (A - B) sin J c = sin ( + ) sin J (7. 
3. cos ^OZ= cos -4Zsin OAZ= cos CFsin 0(7F. 

[Art. 44 (6).] 

Hence 

sin J (A + J9) cos |c = cos i (a - 6) cos ^ (7. 
sin 0^4 F sin PC _ sin OF 
sin OOF" sinOZ ~ sin~Z^* 

[Art. 44 (3).] 

Hence 

sin J(^L - B) sin ^ c = sin J(a - ft) cos ^O. 

Examples on Fundamental Formulae (1) to (6). 

1. Prove that, if (?= 90, 

tan | . ^ -^. [Cf. Art. 33, Ex. 4.] 
2 Sinn L J 

2. Prove that 

(a) 2w = sin a sin*. [Art. 30 (3).] 

(b} 2N*s sin a sinlL [Art. 36 (12).] 

(*) sine. [Aii. 36, Ex. 2.] 

2v 

2 sin 2 a sin 2 ft sin* e sin 8 a 4 sin 2 b sin 2 



[Cf. Art. 36, Ex. 7.] 
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3. Prove that 

sin 2 a sin 2 b - sin 2 a 4- sin 2 b - sin 2 c. [Art, 44 (1) .] 

4. Prove that 



2 sin (c 4 b] ' 
[This is obviously another form of (2), Art. 44.] 

6. What is the Great Circle course and distance between two places in 
latitude 46 North, with 90 difference of longitude r' 

Am. Course makes cos- 1 -p with meridian. Uiatance = 60 or 4166| miles. 

6. If p be the perpendicular from the right angle on the hypotenuse, 

prove that 

() cos 2 j = cos 2 A + cos 2 S. [Art. 44 (6).] 

(b) cotfp = cot 2 a + cot 2 b. [Art. 44 (4).] 

(c) sin 3 jo sin 2 c = sin 2 * -f sin 2 b sin 2 c. [See tex. 3.] 

7. Express the angle A in terms of ^1) b and c; (2) c and a; (3) a and b. 

8. Show that 

2 sin 2 i o SB sin 2 (a + ) + sin 2 j ( - *). 

[Reduces to (1), Art. 44.] 

9. In a spherical triangle, if c = 90, prove that 

tan a tan b -4- sec G = 0. 

[Supplemental to (6), Art. 44.] 

10. If the side c of a spherical triangle be a. quadrant, show that 

sin 2 /? = cot $ cot 4>, 

where p is the perpendicular on 0, and d and 4* are the segments of the 
vertical angle. 

11. Show that the ratio of the cosines of the segments of the base made 
by the perpendicular from the vertex is equal to the ratio of the cosines of 

the sides. 

[Apply (1), Art. 44.] 

12. Given the base and the ratio of the cosines of the sides of any spheri- 
cal triangle ; find the locus of the vertex, and state the analogue in piano. 

[See Ex. 11.] 
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13. A station is in latitude A (North), and longitude I (East) ; find the 
longitudes of the places on the Equator distant 5 from the station. 

[Science and Art Exam. 



t , /cos 5\ 

Am. Longitudes = / -f cos- 1 ( - I . 
~ \cosA7 

14. Given the base and base angles of any spherical triangle ; calculate 
the segments x and c x of the base made by the perpendicular on it from 
the vertex. Ans. tan A sin x = tan 11 sin (c x). 

16. "WTiat is the shortest distance between two places on the Earth's sur- 
face one in latitude 45 North and longitude 45 West ; the other in latitude 
45 South and longitude 46 East ? 

Ana. 120 or 8333'3 miles. 

16. Given in a right-angled triangle the vertex fixed, and 

cot 2 a -f cot 8 b - const. ; 
find the envelope of the base. [See Ex. 6 ().] 

17. Show that the ratio of the cosines of the base angles is equal to the 
ratio of the sines of the segments of the vertical angle made by the perpen- 
dicular drawn from it to the opposite side. 

18. Given the vertical angle and ratio of cosines of the base angles ; find 
the envelope of the base. 

Ans. A fixed point 90 from the vertex ; its position 
being obtained from Ex. 17. 

19. If A - 36 and B - 60, show that 

(1). -f + = 90. 

(2). The perpendicular on the hypotenuse = 18. 

(3). cot a- cot b- 1. 

20. If A and S be perpendiculars from a point S on two great circles inter- 
secting at an angle w, and if the intercepts they make on them from their 
point of intersection be I and a, show that 

sin A tan / + sin S tan a 

COS W = - ; -- . 

sm A tan a + sin 5 tan I 

[PitOFEssoB HAUGHTON, Educational Times.^ 

[Apply the formulas of Art. 37 to the triangle /STJT, where JP and JT are 
the poles of the great circles, and eliminate sin .] 
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21. Using the notation of Ex. 20, show that 

cos k (<* ~ w ') _ tan \ A tan \ I 4- tan \ 8 tan \ a 
* cos (o> 4- w') "" tan I tan 8 -f tan A tan a 

sin (w a>') _ tan ^ 5 tan ^ A - tan 1 1 1an i a 
'* sin^ (<a 4- o>') "~ 1 tan^ atan^/tan^S tan^A * 

ta' being the angle between 8 and A. 

Miscellaneous Examples. 

In the following Examples the triangle is supposed right-angled (at (7), 
unless otherwise stated : 

1. If /3 be the bisector of the hypotenuse of a right angled triangle, show 

that 

. , sin 2 a 4- sin 2 b 



[By Art. 42 



4 cos 2 - 



cos a f cos b = 2 cos 3 cos - , 



Squaring, we get 

cos 2 a + cos 2 b + 2 cos c = 2 (1 - sin 2 0) (1 + cos c) ; .-. &c.] 

2. If i and i\ be the internal and external bisectors of (7, prove that 

(a) 2 cot 2 1 = (cot a + cot !>)\ 

(b} 2 cot 2 1) = (cot - cot /,) 2 . [See Art. 39, Ex. L] 

3. Show that 

(a) cot 2 < + cot 2 T] = cot 2 a 4- < ot 2 b % 

(b) cot 2 4 - cot 2 7? = 2 cot n cot b. 

4. If the bisectors of the vertical angle C meet the base in X and Y, show 
that 

2 cos J J = (cot 2 a - cot 2 ) sin t sin 77. 

[Of. Art. 39, Ex. 6.] 

6. If ^ be the angle between the bisector of the vertical angle and the 
perpendicular, show that 

sin (a b) 

-T-~ :( . 

sin (a + b} 

[See Chap. III., Mbo. Ex. 11.] 
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6. In a right-angled triangle, show that 



7. Show that 



. , , v cos b 

ein (A + 
v 



, - , . 
I -f cos o cos b 

[Apply Delambre's Formulae.] 



tan 8 cot - cot ~ . 



A+ B 

1 + tan -- 



Here tan 8 



l-tan 



[Apply Napier's Analogies.] 

8. Construct a right-angled triangle, being given the hypotenuse and 

(1) The sum of the base angles ; 

(2) The difference of the hase angles. 

[Apply Gauss's Formulro.] 

9. Given the hypotenuse and the sum or difference of the sides; construct 
the triangle. (See Ex. 8.) 

10. Given the sum of the sides a and b, and the sum of the base angles ; 
solve the triangle. 

[Apply Gauss's Formulae.] 

11. Show that 

. A V sin e -f sin a 4- V sin c sin a 
sm - m 
2 



[Here, if we divide out by V sin c, and put-: = sin A, the right-hand 

side becomes (Vl+sin-4 -f V 1 ~ sIO). But 1 sin A = ( sin ~ cos ~ J ; 
therefore, &c.] 

12. If o, a', j3, ^8', 7, 7', be the segments of the sides of any spherical 
triangle made by the perpendiculars from the opposite vertex, show that 

cos a cos cos 7 = cos a' cos 0' cos 7'. 
cos a cos a cos B cos b cos 7 cos c 



[For 



cos a' cos * cos /8' cos <? * cos 7' cos " 



(See Art. 56, Ex. 11). Hence COB cos ^ cos ? = i . therefore, &c.] 
v ' cos a' cos &' cos 7 
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13. Using the notation of the preceding Example, show that 

(a) sin a sin /3 sin y = sin a' sin & sin 7', 

(b) tan a tan $ tan 7 = tan a' tan ff tan 7'. 

[() follows from the formula tanjp = tan A sin a = tan B sin .] 

14. Find the distance between any two points on the Earth's surface, 
given their latitudes and longitudes. (London Univ. Exam. Papers.} 

If A and A.' be their latitudes, and I and T their longitudes, we have 

cos 8 = sin A sin A' -f cos A cos A' cos (I T). 

16. The cosines of the baso angles of any triangle are proportional to the 
cosines of angles which the sides make with the arc joining the vertex to 
the pole of the perpendicular from the vertex on the base. 

[For these latter cosines are equal to the sines of the segments of the ver- 
tical angle made by the perpendicular.] 

16. If 8 be the length of the arc through the vertex of an isosceles tri- 
angle, dividing the base into segments a and 0, prove that 



* . . 

tan 2 2 ~ ~~2~ ~~2 f 

where a is one of the equal sides of the triangle. 

[See Art. 43, or apply Napier's Analogies.] 

17. Find a relation connecting the mutual distances of any three places 
with their latitudes. 

[By the aid of Ex. 14. See also Art. 55 (1).] 

18. On the Earth considered as a sphere a great circle is drawn, inclined 
to the Equator at an angle of 30, and cutting it in points whose longitudes 
are and 180. Find the longitudes of the meridians, dividing the great 
circle into eight equal parts. 

19. Two points A and J5 are taken on two secondaries to a great circle 
A'B' . If 9 be the angle between the arcs AS and A'B', its value is found 
by the equation 

__ sin Jt J? cos ._ _ _ _ 
sm A'ff - - - ; - , (Q. U. I. Exam. Papers.) 



[cos sin A sin A sin A' If 1 

eoBAA'cw** * ^M' m ti^Jc * sln~Z# J theretore > &c J 
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CHAPTER V. 

OBLIQUE-ANGLED TRIANGLES. 

67. In the present Chapter we propose to consider the 
different cases which occur in the solution of oblique- 
angled triangles. As in right-angled triangles (Chap. IV.) 
there are six distinct cases, when we are given three of 
the parts, and are required to dotermine the remaining 
three. 

Before proceeding to the general solutions of the tri- 
angles, we may notice that from particular values of the 
given parts the values of the other parts may be made to 
depend on the solutions of right-angled triangles, as for 
example 

a. Let the side a be a quadrant. 

Here the supplemental triangle is right-angled ; there- 
fore, &c. 

)3 Let the sides a and b be equal. 

The triangle is divided into two equal right-angled tri- 
angles by the perpendicular to the base passing through 
the vertex ; therefore, &c. 

y. The general solution of the equilateral triangle may 
be derived by aid of the logarithmic equation 

tan la . ft . , , 

* = cos A. or 2 cos A sec | a. 

tana 
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58. The six oases (Art. 57) which present themselves 
are the following : 

I. Having given three sides, a, b, c ; 

II. Having given three angles, A, B, C] 

III. Having given two sides and the in- 

cluded angle, a, C, b ; 

IV. Having given two angles and the 

adjacent side, A y c, B; 

V. Having given two sides and an angle 

opposite either, a, b, A ; 

VI. Having given two angles and a side 

opposite either, A, B, a ; 

but these are immediately resolved into three distinct 
problems by the aid of the polar triangle. 

For, when three sides are given, and the angles of the 
triangle are required, the data applied to the polar tri- 
angle transforms the problem into a supplemental prob- 
lem, viz. Having given three angles of a triangle, find 
the sides. 

Similarly, Cases III. and IV. are supplemental, like 
wise V. and VI. 

59. When numerical values are assigned to the given 
parts, in order to ascertain the remaining parts in degrees, 
minutes, and seconds, we employ formulae adapted to 
logarithmic computation. 

All the formulae given in Chap. III. are either in log- 
arithmic form or can immediately be thrown into the 
desired shape by means of a subsidiary angle. For the 
present we select the logarithmic formulae, and apply 
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them to the following numerical examples, while we re- 
serve the remaining formulae for future discussion. (See 

Art. 76.) 

60. CASE I. Having given the three sides a, b, c. Here 
we have (Art 33), 



tan = /sin (s-b) sin ( - c) 
^ V sin s sin (s ~ a) 

1 /sin ( - a) sin (i 

sin (s - a) >/ """^ 



The part under the radical, being a symmetric function of 
the sides, appears on the right-hand side of the equations 
-for determining A, B, C, and when once calculated is 
utilized in the calculation of each angle. 

The logarithmic form of the above equation is 

A 

L tan - = 10 - L sin (s - a) + J ( L sin ( - a) + L sin (s - b) 

+ L sin (s - c) - Z sin .9 ) . 



Examples. 

(1). Given a = 46 24', h - 67 14', c = 81 12'. 
Xsin* =i sin 97 25'= 9-9963513. 

Z sin (s - ) = isin 51 1' =9'8906049. 
Z sin (s - b) =Zsin30ir = 9-7013681. 
L sin (s - c) =ism 16 13' - 9-4460251. 

Jtan J^trr 9-6302186; .-.^ = 46 13 X 30". 
ZtanJ^= 9-8194553; .-. J5-66 50' 20". 
tanf tf= 10-0747984. .-. O f =9949' 10". 
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(2). Given a = 108 14', b = 75 29% o = 56 37'. 

I sin * * L sin 120 10' = 9-9367988. 

X sin (* a) = L sin 11 56' = 9*3154947. 

L sin (* - b) = L sin 44 41' =-- 9-8470714. 

L sin (s - c) = X sin 63 33' = 9-9519799. 
L tan \A = 10-2733789; .-. ^ = 123 63' 47". 
L tan \ B = 9-7418022 ; .-. It = 57 46' .56". 
Stance- 9-6368937; .-.(7= 46 51' 61-6", 

(3). Given a = 57 17', b = 20 39', c = 76 22'. 

L sin = X sin 77 9' = 9-9889849. 

X sin (* - a) = X sin 19' ? 52' - 9-5312G49. 
X sin (* - b) = X sin 50 30' = 9-9211066. 
X sin (* - c) = L sin 47' = 8-1358104. 

X tan \A = 0-2683336;.-.^= 21 1' 2". 
X tan \ B 8-8784919 ; .-.I? - 8 38' 46". 
X tan (7 = 10-6637881 ; .. C = 155 31' 36-5". 

(4). Given a = 68 45', b = 53 15', <? = 46'30'. 

X sin * = X sin 84 15' = 9-9978093. 

X sin {* - a) = L sin 15 30' = 9-4268988. 
X sin (* - b} - - X sin 31 0' = 9'7l 18393. 
X sin (* - c) = X sin 37 45' = 9'7869056. 

X tun \A = 10-0370184; .-. ^4 = 9%t T2' 40". 
X tan J 7^ = 9-7520779 ; .-. B - 58 5 ' 10". 
X tan % C = 9-6770116; .-. ^7= 50 60' 62^'V 

(6). Given a = 63 64', A = 47 18', c = 63 26'. 

X sin * = L sin 82 19' -~- 9-9960834. 

X sin (s - a) = X sin 18* 26' = 9-4996840. 
Xsin (*-) = X sin 35 1' = 9-7587717. 
X sin (* - c) = X sin 28 53' = 9-6839720, 
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I tan \A 9-9735382 ; .-. A ** 86 30' 40". 
L tan | B = 9-7143505 ; .-. = 54 46' 14". 
I tan | tf = 9*7891502 ; .-. = 63 12' 65|". 

61. CASE II. Having given the three angles A, J9, C, 
Here we have (Art. 36), 



-(B-A)J- 



- cos S cos (S - A) 

- cos S 
^^^oos^^Yoo^S^^) 9 



C 

with similar values for tan and tan ^r. 

A> Xi 



Examples. 
(1). Given A = 68" 30', = 74 20', C s 83 10'. 

X ( - cos fl) = X cos 67 0' = 9-6918780. 
L cos (S- A} = L cos 44 80' = 9-8532421. 
X cos (8 - } = L cos 38 40' = 9-8925365. 
L cos (5 - 0} = X cos 29 50' = 9-9382576. 

X tan ~ = 9-8071630; .-. a 65 21' 22|' 

X tan - = 9-8464574 ; .-. b m 70 9' 9 , 
2 

X tan - = 9-8921785 ; .-.<? 75 65' 9". 

2 

(2). Given A = 86 20', 2? = 76 30', tf 94 40'. 

X ( - cos #) = L cos 51 15' = 9-7965212 
X cos. (S - A) = X cos 42 25' = 9-8682088. 
X cos ( - JS) = X cos 52 15' = 9-7869056. 
X cos (S - tf) X cos 34 6' = 9-9181476. 
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tan | a 9'9798385 ; .*. a =s 87 20' 28". 
tan * = 9-8985353 ; .'. b 76 44' 2|", 
tan J a 10-0297772 ; .% <? = 93 66' 31". 

(3). Given A = 96 45', B = 108 30', (7= 116 15'. 

X (_ cos s) = X cos 19 45' = 9-9750129. 
X cos (8 - A] = X cos 61 0' = 9-6418420. 
L COK (6 f - 7?) = X cos 52 16' = 9-7869056. 
X cos (6' - (7) - L cos 44 30' = 9-9532421. 

Ian I a = 9-9883636 ; .-. a = 88 27' 49". 
tan J ft = 10-1334172; .-. * = 107 19' 52". 
tan I c = 10-15)97537 ; . . c = 116 28' 13". 

(4). Given A = 78 30', B 118 40', C'- 93 20'. 

X (- cos 5) X cos 34 45' - 9-9146852. 
X cos (S - A) = X cos 66 45' = 9-5963154. 
X cos (S - B) = X cos 26 35' = 9-9514767. 
X cos (S = C) = X cos 61 55' = 9-7901493. 

tan $ a = 9-8846878 ; .-. = 74 67' 46'*. 
tan | 6== 10-2398481; .-. 6 = 120 8' 49" 
tan %c = 10-0785217 ; .-. e = 100 18' llf- 

(5). Given A = 57 ^ 50', B = 98 20', (7 =63 40'. 

X (- cos #) = i cos 70" 6' = 9-5323123. 
X cos (-S - A) = X cos 52 5' * 9-7885323. 
X cos (S - 7?) X cos 11 35' = 9-9910637. 
X cos (S ~ C] = X cos 46 15' = 9-8398004. 

tan | a = 9-7449903 ; .-. a = 58 8' 19". 
tan 1 d = 9-9475217 ; .-. b = 83 6' 36". 
tan | a = 9-7962584 ; .-. e = 64 3' 20". 
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62. CASE III. Having given two sides and the included 
angle, a, (7, b. 

This case is somewhat similar to the corresponding one 
in Plane Trig., the hase angles being calculated from two 
separate equations, one giving half the sum and the other 
half the difference of those angles. The formulae to be 
employed have been arrived at on Art. 32 (Note to Ex. 8). 
They have, moreover, been demonstrated geometrically 
from the relations between the sides and angles of certain 
right-angled triangles. As they are of fundamental im- 
portance in the solution of triangles, we shall now pro- 
ceed by a direct method to obtain the same results. 

63. Rapier's Analogies: 

sin ^4 sin# 



T . 
Let 



= - = -. r 
sm a sin b 

hence, 

sin A sin .5 . 

X - ; - ; -- r . (1) 

sin a sm b 
Now, 

cos A + cos B cos C = sin B sin C cos a -x sin C sin b cos a, 

and 

cos B + cos C cos A = sin C sin A cos b x sin C sin a cos b, 

By addition, 

(cos A + cos B) (1 4- cos C) ~ x sin C sin (a + b) ; (2) 
by subtraction, 

(cos B - COB A) (1 - cos C) # sin (7 (a - ft). (3) 
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On taking the positive sign in (1), and dividing by (2), 
we obtain 

sin A + sin B sin a + sin b 1 4 cos C 

cos A + cos B sin (a t- 6) ' sin C' ' 

or 

, , , _ cos I (0 - ft) , (7 , 

tan i ^ + B) = - P - r( cot - . a' 

v ' 2 J 



On taking the negative sign in (1), we obtain, by a similar 
method, 



_. 

^ sm | (a + b) 2 

Employing the supplemental formulae, viz., 

cos a - cos b cos c = sin b sin c cos ^4 = - sin B cos ^4 sin c, 

x 

and 

COB ft - cos c cos = sin c sin cos B = - sin -4 cos 5 sin c, 

x 

we have, as before, 

x . (cos a cos ft) (1 T cos c) = sin c sin (B A). 

Dividing each of these equations by results in equation (1) 
to eliminate x, we have formulae supplemental to (a') and 

IP), via-, 

, . . . cos i (A - B} , c . /x 



sn 
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64. Jlelambre's (or Gauss's) Analogies! 

By the preceding Article, we have 

L 1 / A TM A Q COS |(tf - ft) 

tan \(A + B) tan -- - -- f-} - . 
v ' 2 cos J (a + <>) 

Hence, 

1 -tan 



^-T 

cos f (a 4 ft) 

or 

- cos $ 2 sin | a sin J ft 

cos J (-4 i- 77) cos | (7 cos i (a + 6) ' 
but 

sin | a sin ^ ft sin O 

~ " 



"* COS O =s 




COS f C 

[Art. 43, Ex. 28.] 



Substituting this value in (1), we have at once 

cos ^(A + B] cos c = cos (0 + ft) sin | (7. (a) 
Again, 

-2 tan JO-1 + $ 



. 

ft) 

Henoe, 

cos (8 -A) __ 2 sin J a cos | ft ^ , 
= "" ( J 



ft) ' 

but (Art. 43, Ex. 31) 

ro ^ cos|ftcosjt; . . . , , 

cos (8 - A) = - - i sm A = sin * a cos f c - 
x ; 



- i = - =-7 . 

cos | a smjft 



Delambre's (or Gauss's] Analogies. 121 

Substituting this value in (2), we have 

cos j (A - B) sin | c = sin |(a + &) sin | (7. (/3) 
Similarly, 

sin 1(^4+ #) cos | c = cos | ( - b) cos | C, (7) 



and 

sin %(A - .#) sin J# = sin J ( - V) cos J (7. (S) 

65. It will be tli us seen that when each of Napier's 
Analogies is added to or subtracted from unity, the re- 
sults are easily transformed into Delambre's formulae. 

It is also to be noticed that if the equation 

cos ^(A + B) oos $c = cos $(a + b i sin 1 

be applied to the colunar triangle of parts a, TT - 6, TT - c, 
A, TT - By TT - (7, we get 

sin ^ (A - B} sin % c - sin J (a - 6) cos | 6\ 
And by a similar method, the equation 

sin ^(A + B} cos 5 c = cos | (a - b) cos i (7 
gives 

cos %(A - B) sin ^ c = sin | (a -f 6) sin (7. 

Remark. From the three preceding Articles it has been 
shown that Napier's four Analogies are reducible, by aid 
of the polar triangle, to two independent theorems, involving 
five parts of a spherical triangle ; and that Gauss's four 
formulse are, by aid of the colunar triangle, likewise re- 
ducible to two independent theorems. 
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66. In the solution of triangles, CASE III., the for- 
mulae 

x 1 / A r\ COS J (0 - ) 

tan \(A + B) = - f) - rf cot J (7, 
^ J cos f (# + b) 

and 



sm a + 

enable us to calculate J (A + J5), and | (-4 - 1?), from which 
we obtain A and ^. 

The remaining element c is determined from the equa- 
tion 

cos i ( A + B) cos J c = cos j (0 + 6) sin | (7 ; 

or, as will be hereafter shown, it may be determined from 
the formula 

cos c - cos a cos b + sin a sin b cos C 9 

without having previously determined A or B. 

Examples. 

(1). Given a = 43 18', = 19 24', #= 74 22'. 
Firstly, determine A and J5 

X COB | (a - i) = L cos 11 57' = 9-9904848. 

X cos (a + ) = X cos 31 21' = 9-9314606. 

L cot | (7 Z cot 37 11' = 10-1199969. 

L tan | (^4 + ) = 10-1790212. 

Zsin(a~ b) = 9-3160921. 
L sin J (a -f *) o 9-7162243. 

L tan J(^-) 9-7198047. 
Therefore, 

J (^ -l- ) = 66' 29' 17", and } (A - ) 27 41' 0|". 
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To determine c 

L cos \ (a + b) = L cos 31 21' 0" 9-9314606. 

L cos %(A -f Z?) = X cos 66 29' 17" - 9-7420263. 

Isin^C = Xsm37ll' 0" = 9-7813010. 

Hence 

X cos c = 9-9707352, or c = 20 48' 54^". 

/<. ^ = 84 10' 17", -B = 28 48' 17", c = 41 35' 48". 

(2). = 96 24' 30", b = 68 27' 26", (7= 84 46' 40' . 
L cos % (a-b} = L cos 13 58' 32" = 9-9869503. 
i cos (04 b) =: . cos 82 26' 58" = 9-1195506. 
L cot 6' i cot 42 23' 20" = 1 0-0396387. 

itan (A 4- B} = 10-9070385. 
Z8in(rt- A) = 9-3829313, isini(-f i) = 9.9962011. 

Xtan|(>4 - Jf) = 9-4263689. 

i (^ -f ^) = 82 66' 19|", ^ (^t - J5) = 14 56' 40". 

L cos ^ (^4 4- -B) ~ 9-0896545. 

i sin | (7 B 9-8287624. 

X cos ^ o 9-8686584, | c = 43 45' 48". 

^ws. Jt = 97 63' 0", B ** 67 69' 39", c = 87 31' 37". 

(8). a 76 24' 40", * 68 18' 36", C= 116 30' 28". 
Xcos^(rt-*) = icos9 3' 2" = 9-9945590. 
X cos % (a + b) X cos 67 21' 38" = 9-5853827. 
X cot (7 = X cot 58 15' 14"= 9-7914976. 

Xtan|(^ + ) 10-2006739. 
sin i (a - *) * 9-1967450, X sin $ (a + *) 9-9661760. 

X tan 4(^-^)9-0230666. 
$ (.4 -j- ) = 67 47' 23{", i (^ - 5) 6 1' 11|". 
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L cos I (A + B) 9-7267476. 
JtinjC' =9-9296171, 

J <? = 52 6' 43". 
^MJ. A = 63 48' 35]", J? = 61 46' 12", e = 104 13' 27" 

(4). a = 86 18' 40", b = 45 36' 20", <7=120 J 46 30". 
Xcos(a-*) = X cos 20 21' 10" = 9-9720032. 
icos J(-h *)= /.cos 65 57' 30" - 9-6100219. 
X cot = L cot 60 23' 1 5" = 9-7540296. 

|M + I?) = 52 36' 4|". 

Zsin^( - A) = 9-5413288, X bin |(a -f- i) = 9-9605894. 

\(A - J?) = 12 12' 49". 

Z sin | {7 = 9-9392132. 

X cos (.4 + JS) = 9-7834444. 

| c = 54 19' 35|". 
Ana. A = 64 48' 53}", li = 40 23' 15$' , c 108 39 11^", 

(5). = 8824', *=5G48', O= 128 16'. 

X cos J (a - 6) = X cos 15 48' = 9-9832735. 
Xcos (a + ^) X cos 72 36' 9-4757304. 
Xcot|(7 =Xcot64 8'= 9-6856120. 



9-4350161, X sin | (a -f 6) =9-9796578. 
= 7 62' 36J". 
%)** 9-7321029. 
Xsin JC7 =9-9541517. 

^ 60 5' 26". 
65 13' 3J", J5 49 27' 61". o * 120 10' 62" 
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(6). a m b s 32 23' 57", tf 66 49' 17". 

(Science and Art Exam. Papers.} 
LcoB$(a-l>) = 10. 

L cos %(a + b) = L cos 32 23' 57" = 9-9265152. 
cot $ (7 = i cot 33 24' 38|" = 10-1806890. 

l(A + B)** 60 53' 2". 
Zsina *= 9-7290144. 
X sin j (7 =9-7408650. 
f c =s 17 9' 35". 
-4*. -4 = Ji = 60 53' 2", c = 34 19' 11". 

67. CASE IV. Having given two angles and the adjacent 
side (A y c, JK). 

By Napier* & Analogies : 



and 

^_ i ^ IA sin i (.4 -7?) 



from which we may determine | (a + b) and i( - ^), and 
thence a and ^. 

The remaining part C is determined by the equation 

cos J (a 4- i) sin -J = eos J (-4 + jR) cos c. 

It is evident that the value of C thus found is amhiguous,* 
inasmuch as the angle is obtained from the sine; and the 
values are, therefore, C and 180 - C. The equation has, 
however, been selected as an example, to show that an 



By using formula y (or 5), Art. 64, ambiguity is avoided 
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ambiguity may sometimes be got rid of by attending to 
the relations which the parts of a triangle bear to each 
other ; and in the following numerical examples the ambi- 
guity is removed by remembering that the greater side is 
opposite to the greater angle. 

Examples, 

(1). A = 68 40', 7? = 66 20', c = 84 30'. 

L cos (A - B) = Z cos 6 10' = 9-9974797. 
L cos (A -f ) = L cos 62 30' = 9-6644056. 
L tan % c = L tan 42 16' = 9-9582465. 

J (0 + ft) = 62 56' 9". 
L sin M ~ ^) = 9-0310890, L sin J (u4 + ) = 9-9479289. 

J (a - 6) = 6 16' 39". 

Z cos J (a + ft) = 9-6582472. 

i cos | c = 9-8693597. 

=48 39' 3 If". 

^w*. a = 60 11' 48", b = 66 38' 30", C 97 19' 3|" 
(2). A = 31 34' 26", B = 30 28' 12", c - 70 2' 3". 

L cos J (^ - J9) = Z coe 33' 7" = 9-9999799. 
i cos \(A + -B) = L cos 31 1' 19" = 9-9329656. 
L tan = L tan 35 1' l" = 9-8465023. 

\ (a + ft) = 39 16' 4i". 
L sin i (^ - B) = 7-9837459, X sin % (A i ) = 9-7121160. 

i (o - ft) = 45' 1". 
L cos i (a + ft) = 9-8888507. 
Xcos^c 9-9132738. 

J0 = 65 1' 55". 
^#. a = 40 1' />!", ft = 38 31' 3J", '** 130 3' 60". 
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#). A m 130 5' 22-41", B 32 26' 6-41", e m 61* 6' 11-6". 

(Science Stz. Exair,. Papers.) 
L cos \(A - B) X cos 48 49' 38" = 9-8184449. 
cos f (.4 + J?) - L cos 81 16' 44 41" = 9-1815879. 
L tan c = X tan 25 33' 6-8" 9-6795022. 

(<*+) = 64 14' 7". 
X sin %(A - B}r= 9-8766380, L sin (A -f J?) 9-9949301. 

(-) = 20 0' 22". 
i cos |( + 6) = 9-6381663. 
Xcosc =9-9552944. 

= 18 22' 43". 

^tw. < = 84 14' 29", = 44 13' 45", tf= 36 45' 26". 
(4). A ** 96 46' 30", B = 84 30' 20", c = 126 46'. 

i cos (^ - J5) = X cos 6 8' 5" = 9-9976058. 

*X cos supplement of | (^4 + B) = I cos 89 21' 35" = 8-0482011. 

X tan c =X tan 63 23' 0" = 10*3000526. 

Supplement of | (a -f b) ~ 89 40' 38". 
X sin {,4 - jff) = 9-0288420, X sin \ (A + B) = 9-9999729. 

!(-) = 12 2' 20". 
X cos supplement of | (a + 6) = 7*7506455, X cos c = 9*6512966 

| tf=62 44' 6|". 
Am. a = 102 21' 42", = 78 17' 2", 0= 125 28' 13|". 



* When % (A + B) exceeds a quadrant, by substituting its supplement in 
the equation, a value is obtained for the supplement of | (a + b}. See 
Napier's Analogies, and Gauss's Formula, from which it also appears that 
J (A -f B} and J (a -f b) ere of the same affection. 
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(5). A 84 30' 20", JB = 76" 20' 40", c - 130 46'. 

Z cos I (A - ) = L cos 4 4' 50" = 9-9988977. 
X cos (A + 7?) = cos 80 25 30" = 9-2209927. 
X tnn$ o = X tan 66 23 0" = 10-3389566. 

$(+*) = 85 37' 50|". 
I sin | (^ - #) = 8-8522289, X sin \ (A -f J?) = 9*9939071. 

| (a - ft) = 8 57' 2". 
X cos | ( + b) = 8-8818753. 
X cos ^ e = 9-6196622. 

^67 =65 25' 46|". 
^M*. a = 94 34' 52J", b = 76 40' 48J", C f = 130 51' 33^". 

68. CASE T. Having given two sides and the angle oppo- 
site either (a, 6, A). 

The angle B is found from the formula 



. sin & . , 

sin B = . sin A. 



For the angle (7, 
For the side c, 



, . cos J (-4 + B} , , , .. 
tan | c = - ff- =- tan | (a + 6). 
cos - 



Since J5 has been found from its sine, it may have two 
values, viz. B and 180 - B 9 and the triangle in the general 
case will admit of two solutions. 

This is known as the ambiguous case, a full discussion of 
which is given in Arts. 70-75. 
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The following numerical examples will serve to eluci- 
date how two different triangles may be constructed when 
three parts are given : 

Examples. 
(1). a = 42 45', * = 47 15', ^1 = 66 30'. 

Zsin =L sin 42 46' = 9-8317423. 
L sin b --- L sin 47 15' = 9-8658868. 
L sin A = X sin 56* 30' = 9-9211066. 

Hence Xsin.5 =99552511; 

or 

B = 64 26' 4", or 11 5 33' 56". 

Firstly take the value of B less than a right angle. 

L cos(d \ a) = L cos 45 0' 0" = 9-8494850. 

X cos (-) =Xcos 2 15' 0"= 9-9996650; 
and 

i cot $(B + A) = L cot 60 28' 2" = 9-7632216. 
Hence 

Itan^tf =9-9034016; 

or 

C =38 40' 47". 

Z cos ( + A) = 1 cos 60 28' 2"= 9-6927772. 
X cos i(J? - A) - Z cos 3 68' 2"= 9-9989581. 
i tan J (fl + a) = L tan 46 0' 0" 10-0000000. 



Secondly take the value of JB greater than a right angle. Then 

X cot %(B + A) = l cot 86 1' 68" = 8-8410586 , 
and by aid of the logarithms in the first case we have 
(7=535'50J". 
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Again 



Hencd 
Ans. 



L cos \(B i A) = Z cos 86 V 68" = 8-8400167. 
X cos ( - ^) = X cos 29 31' 58" = 9-9395561. 

|c-432'47i". 

jB = 6425' 4", <7=7721'35' , c = 62 36 18"; 
j?= 11633' 66", C r =llll'40y c= 9 6' 34J". 

(2). = 62 15' 24", = 103 18' 47", A = 63 42' 38". 
Z sin a = Z sin 62 16' 24" = 9-9469638. 
L sin * = Z sin 76 41 13" = 9-9881693. 
L sin^ = X sin 53 42' 38" = 9-9063562. 

B = 62 24' 24f ', or 117 35' 35^". 
Firstly 

L cos ( + a) = Z cos 82 47' 5" = 9-0989736. 

XcosJ(^-a) =Z cos 20 31' 41|" =9-9716077- 
L cot (J3 + A] = Z cot 68 3' 31f" =9-7947983. 

^ (7= 77 51' 35f ". 

L cos |{^ + ^) = Z cos 58 3' 31f" = 9-7234966. 
L coa^(^-^t) =Zcos 420'53f 9-9987482. 
Ztani(i-fa) =Ztan8247' 6J" = 10-8976738. 

^c = 76 34' 47|". 
Secondly 

Z cot 4(J3 + ^)= Z cot 86 39' 6f" =8-8810181. 
j6 Y =2933'6i". 

L cos J (S + ^*) Z cos 85 39' 6f" = 8-8797663. 
Z cos (S - ^) = Z cos 31 66' 28f " 9*9286983. 

Jtf = 3512'43' / . 
-4n. 

J5 6224'24f", C= 165 43' 11^", 0=163 9' 35 

J9=11735 35J", C7= 59 6' 10|", c= 70 25' 26" 
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(3). a = 62 45' 20", b = 71 12' 40", A = 46 22 10". 

B - 69 24' 161", or 120 35' 441". 
Firstly - 

Lcos$(t>ia) as L cos 61 59' 0" = 9-6718468. 
Lcos^(b-o) = L cos 9 13' 40" = 9-9943430. 
L cot %(B + A) = cot 62 63' 12|" = 9-8788970. 

7= 57 49' 57|" . 

L cos | (B -f ^f ) = X cos 52 63' 12|" = 9-7805983. 
X cos ( B - A] = X cos 6 31' 2" = 9-9971842. 
L tan $ ( + a) = tan 61 69' 0" = 10-2740209. 

= 48 46' 39|". 
Secondly 

L cot (# + ^f) ^ L cot 83" 28' 57|"= 9-0678349. 

Jtf 13 29' 57f". 

Z cos ^(5-f ^) = i cos 83 28' 57"= 9-0650190. 

Z cosi(^-^) = i cos 37 6' 47$"= 9-9017013. 

1<?=U58' 36 J". 
^4w*. 

J? = 59 24' 15|", (7= 116 39' 55", e = 97 a 33' 18*", 
= 120 35' 44|", C"= 26 59' 65", c = 29 57' 10". 

(4) *= 48 45' 40", * = 67 12' 20", A = 42 20' 30". 

= 66 39' 67", or 124 20' 3". 
Firstly 

X cos (b + ) = cos 67 59' 0" = 9-7244118. 
L cos ( - a) ** L cos 9 13' 20" = 9-9943498. 
X cot 49 0'13|"=s 9-9391057. 



8 17' 9". 

0'13|"= 9-8169102. 
Xcos 639'43|" 9-9970676. 
X tan ^ (b + ) = X tan 67 69' 0" = 10-2029297. 

= 46 34' 4|". 
K2 
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Secondly 

L cot (JB f A) = L cot 83 20' 1 6 J"= 9-0674506, 

| 67=12 16' 7|". 

Z cos J (.ff + ^) = Z cos 83 20' 16|" = 9-0645081. 
Z cos (j5 - A) = Z cos 40 59' 46|" = 9 -8778046. 

0=13 48' 40". 
^4*. 

J5= 55 39' 57", C= 116 34' 18", = 93 8' 9&" 

.# = 124 20' 3", #= 24 32' 15", <?= 27 37' 20". 

(6). a = 46 20' 45", b = 65 18' 15", A = 40 10' 30". 

j& = 54 6' 19", or 125 63' 41". 
Firstly 

L cos J (b + a] Z ros 55 49' 30" =9-7495218. 

X cos | ( - o) Z cos 9 28' 45" =9-9940291. 
i cot J (#+ -4) =i cot 47 8' 24" = 9-9675258. 

| ^7= 58 27' 43". 

L cos (.# + ^0 =i cos 47 8'24J"= 9-8326414. 
Z cos (i? ~ A] = Z cos 6 57' 64 J" = 9-9967831. 
Ztan^(5-f) Z tan 55 49' 30" 10- 1681548. 

^ c = 45 16' 53". 
Secondly 

Z cot J (J9 H -A) = Z cot 83 U 2' 6|" = 9-0869538. 

J <7= 12 6' 26|". 

Z cos J (J? -K ^4) = Z cos 83 2' 5" = 9*0837363. 
Z cos (B~A) =Z cos 42 51' 35" =9-8651166. 

f 0=13 41' 37". 
4w*. 

j?=: 64 6' 19", ^=116 65' 26", o = 903r46", 

#=125 53' 41", C= 24 e> 12'53^' / , c = 2723'14" 
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69. CASE VI. Having given two angles and a side oppo- 
site one of them (A, B, a). 

This Case reduces, by aid of the polar triangle, to the 
preceding, and the direct solution may therefore be ob- 
tained by means of formulae supplemental to those em- 
ployed in Art. 68, viz., 

. , sin B . 
sin o = ~ . sm a, 
sin A 

, cos J (a - b) 

tan 1 = 7-7 ~- cot | (A -f B), 

cos | (a + b) v ' 

, coal(A +B] t , , .. 
tan \c j-r- ~ tan J (a + b). 

cos $ (A -It) 



The same ambiguities will thus present themselves. 

Examples, 

(1). a = 59 28' 27", A = 66 T 20", S = 52 50' 20". 

b = 48 39' 16", or 131 20' 44". 
Firstly take the value of b less than a right angle. 

Z cos $(-) =icos 6 24' 35|" = 9 9980612. 
i cos ( + #) =Zcos54 3' 51$ =9-7685470. 
L cot \ (A + B) ** L cot 59 28' 50" = 9-7704854. 



) = X cos 59 28' 50" 9-7067190. 

) = 2;cos 6 38' 30" = 9-9970756. 

= i tan 54 S' 51f = 10-1397643. 

|<j= 35 11' 60J". 
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The second value of b is inadmissible (see foot note, Art. 67, Ex. 4), and 
therefore there is only one solution. 

Ans. 

b = 48 39' 16", C = 90, c 70 23" 4l". 

(2). a = 5318'20", -4 = 79 30' 45", B = 46 15' 15". 

b = 36 6' 34f", or 143 54' 26^". 
Firstly 

XcosJ(a-i) =icos 8 36' 22" = 9-9950822. 

X cos ( + *) = X cos 44 41' 671" = 9'8517528. 

X cot &(^ + -8) = L cot 62 53' 0" = 9-7093488. 



X cos J(^t + J3) = i cos 62 53' 0" = 9-6587780. 

L cos \(A - B) = L cos 16 37' 45" = 9-9814457. 

L tan (a + b) = X tan 44 41' 57|" = 9-9954404. 

|c = 25 12' 28|". 

[No ambiguity, as in Ex. 1.] 
Ans. 

b 36 5' 34f" (7= 70 56' 35", c = 60 24' 67". 

(3). = 46 45' 30", J[ = 73 11'18", J5 = 61 18' 12"; 
therefore * 41 62' 34| 7/ , or 138 7' 25f . 

Firstly 

X cos | (a -A) =Xcos 2 26' 231" = 9-9996061. 
X cos (a -f i) X cos 44 19' 6|" = 9-8646894. 
X cot f (^t + ) = X cot 67* 14' 45" 9-6226494. 

J (7 =30 21' 231". 

X cos J(^t + B} = X cos 67 14' 45" = 9-5874618. 

X cos \(A -J5) = X cos 6 66' 33" =9-9976600. 

I tan ?. (a -f b) X tan 44 19' 6}" * 9-9896683. 

Jc = 2047' 32". 

[Only one solution.] 
Ann. 

* * 41 62' 34f", # 60 42' 46|", tf = 41 35' 4". 
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(4). a = 42 16' 20' , A = 46 30' 40", S = 36 20' 20", 
b = 33 18' 47", or 146 41' 12^". 

Firstly 

Zcos|(a-i) sXcos 428'16" = 9-9986763. 
L cos (a 4 ) = cos 37 r 47' 3|" = 9-8978042. 
/, cot $(A + B)=L cot 41 25' 30" = 10-0543373. 

iC r =66 8 l' 37". 

Z cos |(^* f j5) = Z cos 41 25' 30" = 9-8749586. 
L cos l(A~ B} = L cos 5 5' 10" = 9-9982866. 
L tan $ (a + *) = ^ tan 37 47' 3|" 9-8894377. 

^ = 3016' 3". 
[Only one solution.] 

Ans. 

b * 33 18' 47", 67= 110 3' 14|", c = 60 32' 6' r . 

(5). a = 34 30', A = 61 29' 30", B = 24 30' 30". 

b = 15 30' 30", or 164 29' 29". 
Xcos^(a-*) =Zcos 929'44|"= 9-9940081. 
X cos J(a -M) = X cos 25 0' 15$" = 9-9572609. 
cot $ (w4 + i^} = L cot 43 0" = 10-0303441. 



Xcos %(A + Z?) = cos43 0" =9.8641275. 

X cos \(A -B}=L cos 18 29' 30" = 9-9769777. 

L tan *'( + A) L tan 25 0' 15" = 9-6687663. 

%c = 19 46' 56' . 

[Only one solution.] 
Am. 

I 16 30' 30 J", Cta 98 48' 68", c = 39 33' 62' . 

(6J. ^ 42 16' 20", ^4 = 36 20' 20", J 46 30' 40" ; 
therefore * = 56 26 2", or 124 34' 57^". 
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Firstly take the value of b less than a right angle. 

cos (-) =Lcos 6 34' 5l" = 9-9971289. 
L cos $(a+ b] =X cos 48 60' ll" = 9-8183648. 
L cot \(A -f JB) = Z cot 41 26' 30" = 10-0543373. 

%C~ 69 41' 13". 

X cos \(A -f 7?) = Z, cos 41 25' 30" = 9-8749585. 
L cos (^4 - B) - L cos 5 5' 10" '= 9-9982866. 
Z tan I (a + b} = L tan 48 50' 1 1" * 10-0583343. 

<r = 40^ 43' 43". 

Secondly take the value of b greater than a right angle. 
L cos \(a - b}=: L cos 41 9' 48" = 9-8766992. 
L cos %(a 4- b) = L cos 83 25' 8}" = 9-0592074. 

IC= 82 20' 57|". 
X tan f (a + b) = Z tan 83 25' 8|" = 10-9379216. 

<f=81l7' 13". 

Am. b=* 56 25' 2J-", <?= 119 22' 27^", c 81 27' 26| 
or b = 124 34' 57^", C~ 164 41' 65", e = 162 34' 27", 

(7). a = 69 28' 27". A = 52 50' 20", B = 66 7' 20" , 
therefore d = 81 16' 15", or 98 44' 45". 

Firstly take the value of b less than a right angle. 

L cos l(a ~b) = L cos 10 63' 24"= 9-9921078. 
L cos |(a 4- b) *= L cos 70 21' 51" = 9-5263918. 
Z cot l(A -f ^) = X cot 59 28' 50" = 9-7704854. 

<7= 69 51' 54". 

i cos |(.4 -f 2?) = L cos 59* 28' 50" = 9-7057190. 
L cos \(A - ) = L cos 6 38' 30" = 9-9970756. 
X tan (0 + *) = /. tan 70" 21' 51" = 10-4475887. 

\c=* 65 5" 25|". 

Secondly take the value of b greater than a right angle. 
X cos \ (a-b}^ L cos 19 38' 9" = 9-9739806. 
L cos l(a i- b) X cos 79 6' 36" = 9-2762872. 

<7=71 12'29|". 
Z tan J( -f b) Z tan 79 6' 36" = 10-7158207. 

c = 69 22' 43". 

An*.b e 81 16' 16", (7= 119 43' 48", c = 110 10' 60^"; 
wr b = 98 44' 46", C?= 142 24' 69", tf = 138 46' 26" 
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70. Discussion of the Ambiguous Case. Before 
entering upon the general discussion of the ambiguous 
case of spherical triangles, it will be necessary for the 
student to be familiar with the analogous ambiguity in 
piano, a complete discussion of which is generally given 
in works on Plane Trigonometry. 

The reasoning is somewhat more complex in the case 
of spherical triangles, as there are nine distinct cases to 
be considered, in any of which an ambiguity in the con- 
struction of the triangle may present itself. It has been 
seen in the examples of Arts. 68 and 69, that from the 
given parts two real solutions were obtained, from which 
we infer that there can be constructed two distinct tri- 
angles satisfying the given conditions. 

We shall now examine in detail the variety of cases 
which may arise when ' two sides and the angle opposite one 
of them are given J leaving the supplemental case, 'having 
given two angles and the side opposite one of them,' to be 
reasoned out in an analogous manner. 

71. Let the given parts be denoted by A, a, b. 

The discussion resolves itself thus into three groups, 
each containing three separate cases: 

CASE I. When A = $ TT, and b is equal to, less than, or 
greater than ^ TT ; 

CASE II. When A < | ?r, and b is equal to, less than, or 
greater than | TT ; 

CASE III. When A > | TT, and b is equal to, less than, 
or greater than | TT ; 
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the solution in any case being impossible, evanescent, 
unique, ambiguous, or indeterminate, according to the 
value of a. 

72. CASE L A - | TT. 

For the consideration of the three cases in Art. 71, take 
any great circle AC (fig. 29) equal to the given side b, 
and at right angles to the great circle AJBX. 




Firstly. Let b = | w ; and with C as pole, and a radius 
equal to o, describe a circle. Now if a be less or greater 
than a quadrant, this circle being concentric with ABX 9 
the triangle is impossible. If a be a quadrant, the circles 



Discussion of the Ambiguous Case. 139 

are coincident, and the triangle is indeterminate with the 
given parts A, a, , each quadrants. 

Secondly. Let b < %ir. With C as pole (fig. 29), and 
a radius a, describe a circle. Since AC and AC are un- 
equal, this circle may be situated, relatively to ABX* in 
five ways (1) when the circumference falls wholly with- 
in AUX; (2) when it touches ABX at A\ (3) when it 
cuts ABX in the points B and X ; (4) when it touches 
ABX at A'\ (5) when it falls without ABX. These 
different positions are drawn on fig. 29, where it will be 
seen that the points A and A are diametrically opposite 
on ABX\ also that B and X are equidistant from the 
points A and A'. 

The following results are therefore geometrically mani- 
fest : 

If a < b, the triangle is impossible : see circle 1. 

If a = b, evanescent : 2. 

If a > b and < TT - b, two identical solutions : 8. 
If a = TT 6, the triangle is evanescent : 4. 
If a > ir -ft, impossible: 5. 

73. Thirdly. Let b > i TT. Let A be the vertex of the 
triangle to be constructed with the given parts, and let 
AC = b. "With C as pole, describe a circle of radius a, 
which, as already explained, may assume any of the five 
positions (fig. 29), according to the magnitude of a. 
Hence 
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If a < TT - , the triangle is impossible : see circle \ , 
If a = TT - #, evanescent : 2. 

If a > IT - b and < ft, two identical solutions : 3. 
If a = b, the triangle is evanescent : 4. 

If a > b, impossible : 5. 

74. CASE II. J < | TT. 

Draw an arc AC (fig. "80) equal to 6, and making the 
given angle A with the great circle B^BA With C 




as pole, and a radius a, describe a circle. The position of 
this circle, as in CASE I., will depend entirely on the value 
of the side a ; and eight positions, with respect to BiB z B z > . . . 
are shown on fig. 30, viz., circles 0, 1, 2, &e. The circles 
numbered and 7 respectively have no point in common 
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with BiB 2 B^ . . ., winch we may regard as the base of the 
triangle under consideration. 

We shall discuss the different cases under the heading 
of this Article firstly, when b = ^TT; secondly, when b 
< %TT ; thirdly, when b > | TT. 

Firstly. Let b = ^TT. Then (7, the vertex of the tri- 
angle, is the middle point of the are A A', and we have 

If a < A) the triangle is impossible : see circle 0. 
If a = A, unique: see circle 1. 

If a > A and < /;, ,, ambiguous : see circle 2. 
If a = b = J TT evanescent : see circles 3 & 5 
If a > b, impossible : see circles 6 & 7. 

Secondly. Let b < | TT. The following results are evi- 
dent from fig. 30 : 

If sin a < sin b sin A, the triangle is impossible. 

(Sec circles and 7.) 

If sin a sin b sin A, unique. 

. (See circle 1.) 

If sin a > sin b sin A, and a < b, ambiguous. 
(See circle 2.) 

If a = b, unique. 

(See circle 3.) 
If a > b, and < IT - b, unique. 

(See circle 4.) 

If a - TT - b f evanescent. 

(See circle 6.) 

If a > w - b, V9 s , impossible. 

(See circles 6 and 7.) 



142 Oblique-angled Triangles. 

Thirdly. I*t > | ?r. Let A f C (fig. 30) be the given 
side b, and A' the given angle (= A). 

Proceeding as before, we have 

If sin a < sin b sin A, the triangle is impossible. 

(See circle ) 

If sin a = sin b sin A, unique. 

(See circle 1 ) 

If sin a > sin b sin A , and a < IT - b, ambiguous. 
(See circle 2.) 

If a = TT b, unique. 

(See circle 3.) 

If a > TT - b, and < b, unique. 

(See circle 4.) 

If a - ^ evanescent. 

(See circle 5.) 

If a>b, impossible. 

(See circles 6 and 7.) 

75. In the previous Articles, the general cases of ambi- 
guity, when A is equal to, or less than, a quadrant, and a 
and b any values between and ?r, have been discussed. 
The following additional oases are left as exercises for the 
reader when A is obtuse. 

Examples. 

1. Given A>\v and b < |w, the triangle is impossible if a < b. 

2. In the Fame case the triangle is unique when a lies between b and 
*-b. 

3. Given A and #, as in Ex. 1, the triangle is ambiguous when a lies be- 
tween TT - b and the greater value of sin- 1 (sin b sin A). 
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4. Given A obtuse and b acute, the triangle is impossible if a is greater 
than the greater value of sin" 1 (sin ft sin A). 

5. Given A and b both obtuse, the triangle is impossible when a < b. 

6 Given A and b both obtuse ; find the limiting values of a giving rise 
to an ambiguity. 

Ans. a > b, and < sin" 1 (sin b sin A}. 

7. What values assigned to the given parts give rise to an indeterminate 
construction P 

*8. If 0, b t c are each < | TT, the greater angle alone may exceed | TT. 
[Let a > b > c ; then both cos b and cos c > cos a, and therefore > cos e cos a, 
or cos0 cos ft; therefore, &c, Art. 26 (l)-3 

*9. If a alone > ^ TT, ^4 *ww^ exceed ^ ir. 

[Apply Art. 26 (1).] 
*10. If a and ft are each > T, and c < J rw ; prove that 

(1) the greatest angle (A) must be > | w ; 

(2) JB may be > |TT ; 

(3) C may or may not be < ir. 

[Proof as before.] 

*11. If cos a, cos d, cos> <? are all negative ; then cos A, cos J3, cos <7 are 
all necessarily negative. 

12. In a spherical triangle of the five products, 

cos a cos A, cos b cos J5, cos c cos (7> cos a cos ft cos <? - cos -<4 cos B cos 6?, 
one is negative, the other four being positive. (COTTEKILL.) 
[Apply Examples 8. 9, 10, 11.] 

76. The Subsidiary Angle. It lias been seen that, 
when two sides and the included angle of a triangle were 
given, the value of the third side was made to depend on 
the values ascertained for the base angles. It is likewise 
evident, in CASES V. and VI, of this Chapter, that the values 

* Educational Titnes^ vol. xli., reprint, p. 89. 
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of two of the parts depended on the value or values deter- 
mined for the remaining part. An error in this latter 
will, consequently, cause an error in the values of parts 
found from it. 

By means of the subsidiary angle, each of the parts 
required is determined from the data in question in a 
manner independent of one another. 

(1) In CASE III., Art. 62, c may be found in terms of 
a, b 9 C, from a formula adapted to logarithmic compu- 
tation: thus 

cos c = cos a cos b + sin a sin b cos C 

= cos b (cos a + sin a tan b cos 0). 

Let tan = tan b cos G. (1) 

Hence 

cos c = cos b (cos a + sin a tan 0) = cos b cos (a - 0) sec ; 

cos b cos 

or = - ^r (2) 

cos c cos (a-v) ^ ' 

The subsidiary angle is found from (1), and c can there- 
fore be calculated from (2). 

NOTE. It is evident, from (2), that and a - 9 are the segments of a, 
made by the perpendicular to it from the opposite angle A. (Cf . Chap. IV., 
Ex. 11.) The solution of the triangle is thus shown to he equivalent to the 
solutions of these right-angled triangles. 

(2) In CASE IV., Art 67, C may be found directly from 
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fclie given parts A, B, c, in a form adapted to logarithmic 
computation : thus 

cos C = - cos A cos B + sin .4 sin B cos c 

cos B (- cos -4 + sin A tan J3 cos c) . 
Let cot = tan B cos c. 

Hence 
cos C - cos B (~ cos J + sin A cot 0) = cos B sin (^4 - 0) cosec ; 

cos B sin 6 ,1 p 

or = __ . therefore, &e. 

cos C sin (-4- 0) 

It is obvious that the subsidiary angle is in this case a 
segment of the angle A made by the perpendicular from 
A on the opposite side. (Cf. Chap, IV., Ex. 17.) 

Examples. 

1. Having given #, ft, A, adapt the formula 

cot a sin b cot A sin C + cos b cos C 
to logarithmic computation for the angle G. 

Ans. tan a : tan b = cos 6 : cos (C - 9.) 

2. What is the geometrical interpretation of 6 in Ex. 1 ? 

[Cf. An. 44 (2).] 

3. Given, as before, a, J, A ; show how to find <J in a logarithmic form. 

Ana. cos a : cos = cos (c 0) : cos 0, where tan 1 = tan b cos .4. 

[Cf. Art. 26 (1).] 

4. Prove the result given in Ex. 3 geometrically. 

6. Having given A, H, a ; construct geometrically the subsidiary angles 
required (1) to calculate C\ (2) to calculate c. 

Ans. Draw a perpendicular from Ctoe, and take (1) the segment 
of C adjacent to a ; (2) the segment of c adjacent to . 
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6. Having given a - 84 30', b m 56 46', C** 73 62' ; calculate by 
means of a subsidiary angle. 

By aid of Art. 76, we have 

L tan 6 L tan 5 + L cos (7 - 10 

= 9-6274648 ; 

therefore B as 22 58' 54". 

Again, Z cos c = L cos b + L cos (a 0) X cos 

= 9-4531418; 
therefore e - 73 30' 28". 

7. Having given a = 71 35' 16", b = 40 33' 12", C 103 57' 20^"; 
calculate c by means of a subsidiary angle. 

As in Ex. 6, 

Ztan supplement of 6 ~ 9'3146412 ; therefore - 168 20' 23". 
Z cos =8 -9600566; therefore c = 84 46'. 

8. Having given A = 54 40', 3 = 75 20', c = 40 0' 4"; calculate C 
by means of a subsidiary angle 

By Art 76, 

L cot = L tan J? -f X cos c 10 ; 

therefore 6 = 18 61' 48". 

Again, L cos <j = L cos J5 -f- L sin (^4 0) - L sin * 

= 9*6609932; 
therefore tf= 62 44'. 

9. Having given A - 56 58', B = 39 2', c = 68 9 48'; calculate tfby 
means of a subsidiary angle. 

Am. 6 73 26' 16", tf= 103 12' 25". 
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